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Abstract. We provide 3-local characterizations of the Harada-Norton spo- 
radic simple group and its automorphism group. Both groups are examples of 
groups of parabolic characteristic three and we identify them from the struc- 
ture of the normalizer of the centre of a Sylow 3-subgroup. 

1. Introduction 

In [8] in 1975, Harada introduced a new simple group. He proved that a group 
with an involution whose centralizer is a double cover of the automorphism group 
of the Higman-Sims sporadic simple group is simple of order 2 14 .3 6 .5 6 .7.11.19. In 
1976, in his PhD thesis, Norton proved such a group exists and thus we have the 
Harada-Norton sporadic simple group, HN. The simple group was not proved to 
be unique until 1992. In [16], Segev proves that there is a unique group G (up 
to isomorphism) with two involutions u and t such that C G (u) ~ (2'HS) : 2 and 
C G (t) ~ 2 1 ( +8 .(Alt(5) 12) with C G (0 2 (C G (t))) ^ 2 (C G (t)). We can therefore 
define the group HN by the structure of two involution centralizers in this way. 

In the ongoing project to understand groups of local and parabolic characteristic 
p (see for example [12]) it has been observed that both HN and Aut(HN) are 
example of groups of parabolic characteristic 3. This is to say that every 3-local 
subgroup, H, containing a Sylow 3-subgroup satisfies Ch(O p (H)) ^ O p (H). The 
aim of this paper is therefore to characterize HN and HN : 2 in terms of their 
3-structure. The hypothesis we consider and the theorem we prove are as follows. 

Hypothesis 1.1. Let G be a group and let Z be the centre of a Sylow 3-subgroup 
of G with Q :— 0$(Nq{Z)). Suppose that 

(i) Q = 3l +4 ; 

(ii) C G (Q) < Q; 

(iii) Z =/= Z x ^ Q for some x £ G; and 

(iv) N G (Z)/Q has shape 4' Alt (5) or 4'Sym(5). 

Theorem 1.2. If G satisfies Hypothesis 1.1 then G = HN or G = Aut(HN). 

For a large part of this proof we work under the hypothesis that N G (Z)/Q 
has shape either 4 Alt(5) or 4 Sym(5). We will refer to these two possibilities as 
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Case I and Case II respectively. In Section 3, we determine the possibilities for 
the structure of certain 3-local subgroups of G. This allows us to see the fusion 
of elements of order three in G. In particular, it allows us to identify a distinct 
conjugacy class of elements of order three. In 3-local recognition results, it is often 
necessary to determine Cc(x) for each element of order three in G. In this case, we 
have just one further centralizer to determine which is isomorphic to 3 x Alt(9) or 
3 x Sym(9) and we use a theorem due to Prince [15] to recognize this centralizer. 

In Section 4 we determine the structure of Cc{t) where t is a 2-central involu- 
tion. This requires a great deal of 2-local analysis, in particular, we must take full 
advantage of our knowledge of the 2-local subgroups in Alt(9) and use a theorem 
due to Goldschmidt about 2-subgroups with a strongly closed abelian subgroup. 
The determination of Cc(t) is much more difficult than similar recognition results 
(in [3] for example). A reason for this may be that the 3-rank of Ca(t)/0 2 (Cc(t)) is 
just two whilst the 2-rank is four. An easier example may have greater 3-rank and 
lesser 2-rank. We also show in Section 4 that in Case II of the hypothesis, G has a 
proper normal subgroup which satisfies Case I. Once have made this observation, 
our calculations are simplified significantly as we can reduce to a Case I hypothesis 
only. 

One conjugacy class of involution centralizer is not enough to recognize HN and 
so in Section 5 we prove that G also has an involution centralizer which has shape 
(2'HS) : 2 by making use of a theorem of Aschbacher. The results of Sections 4 
and 5 allow us to apply the uniqueness theorem by Segev to prove that in Case I 
G ^ HN. It then follows easily that in Case II, G Aut(HN). 

All groups in this article are finite. We note that Sym(n) and Alt(n) denote 
the symmetric and alternating groups of degree n and Dih(n) and Q(n) denote 
the dihedral group and quaternion groups of order n. Notation for classical groups 
follows [1]. All other groups and notation for group extensions follows the Atlas [4] 
conventions. In particular we mention that the shape of a group is some description 
of its normal structure and we use the symbol ~ (for example if G = Sym(4), we 
may choose to write G ~ 2 2 .Sym(3)). If H is a group acting on a set containing 
x then x H is the orbit of x under H. If a group A acts on a group B and a e A 
and b € B then [b, a] — 6 _1 6 a . Further group theory notation and terminology is 
standard as in [1] and [11] except that Z(H) denotes the centre of a group H. 



2. Preliminary Results 

Theorem 2.1 (Aschbacher). [2] Let G be a group with an involution t and set 
H := C G (t). Let V ^ G such that V ^ 2 x 2 x 2 and set M := N G (V). Suppose 
that 

(i) 2 {H) 4 * 2 1 f +4 and H/0 2 {H) Sym(5); and 
(ii) V < 2 (H), 2 (M) =4x4x4 and M/0 2 {M) ~ GL 3 (2). 

Then G = HS. 
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Theorem 2.2 (Scgcv). [16] Let G be a finite group containing two involutions u and 
t such thatC G (u) (2 HS) : 2 andC G (t) ~ 2 1 f +8 .(Alt(5) 12) with C G (0 2 (C G (t))) sC 
2 (C G (t)). Then G = HN. 

Recall that given a p-group S, we set Q(S) = (x \ x p = 1). 

Theorem 2.3 (Goldschmidt). [11, p370] Let S be a Sylow 2-subgroup of a group 
G and let A be an abelian subgroup of S such that A is strongly closed in S with 
respect to G. Suppose that G = (A G ) and 2 ,(G) = 1. Then G = F*(G) and 
A = 2 (G)Q(S). 

Theorem 2.4 (Hayden). [9, 3.3, p545]. Let G be a finite group and let T e Syl 3 (G) 
be elementary abelian of order nine. Assume that 

(i) N G {T)/C G (T) = 2 x 2; 
(ii) C G (T) = T; and 
{Hi) C G (t) s; N G (T) for each teT*. 

Then G = N G (T). 

Theorem 2.5 (Feit-Thompson) . [5] Let G be a finite group containing a subgroup, 
X , of order three such that C G (X) = X. Then one of the following holds: 

(i) G contains a nilpotent normal subgroup, N, such that G/N = Sym(3) or C3; 
(ii) G contains an elementary abelian normal 2-subgroup, N, such that G/N = 

Alt (5); or 
(Hi) G^PSL 2 (7). 

The result can be found in [5] however the additional information in conclusion 
(ii) that N is elementary abelian uses a theorem of Higman [10]. 

Theorem 2.6 (Prince). [15] Let G be a group and suppose x 6 G has order 3 such 
that C G (x) = Cs ym (9)( (1, 2, 3)(4, 5, 6)(7, 8, 9) ) and there exists J ^ C G (x) which 
is elementary abelian of order 27 and normalizes no non-trivial 3' -subgroup of G. 
Then either J <\ G or G = Sym(9). 

Lemma 2.7. Let G be a group of order 3 4 2 with S G Syl 3 (G) and T 6 Syl 2 (G) 
and J <S G elementary abelian of order 27. Suppose that Z := Z(5) has order three 
and Z C S (T) ± S. ' Then G £* C Sym(9) ( (1, 2, 3) (4, 5, 6) (7, 8, 9) ). 

Proof. We have that T normalizes Z and J and so by Maschke's Theorem, there 
exists a subgroup K < J such that K is a T-invariant complement to Z in J. Set 
L := KT then K < L and [G : L] = 9. Suppose that N ^ L and that N is normal 
in G. If 3 I \N\ then N n Z(S) ^ 1 which is a contradiction since Z £ K. So 
A is a 2-group which implies N = 1 otherwise G has a central involution. Hence 
there is an injective homomorphism from G into Sym(9). Moreover there is a map 
from G into the centralizer in Sym(9) of the centre of a Sylow 3-subgroup. Since 
|Csym(9)( (Ii 2, 3)(4, 5, 6)(7, 8, 9) | = \G\, we have an isomorphism. □ 

Theorem 2.8 (Parker-Rowley). [14] Let G be a finite group with R := (a,b) an 
elementary abelian Sylow 3-subgroup of G of order nine. Assume the following hold. 



(i) C G (R) = R and N G (R)/C G (R) S Dih(8). 
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(ii) C G {a) — 3 x Alt (5) and N G ((a)) is isomorphic to the diagonal subgroup of 

index two in Sym(3) x Sym(5). 
(iii) C G (b) ^ N G (R), C G (b)/R ~ 2 and N G ({b))/R = 2x2. 

Then G is isomorphic to Alt(8). 

Corollary 2.9. Let G be a group and Alt (8) =H s^G such that for R G Syl 3 (#) 
and each r G R* , G G (r) if. T/ien G = H. 

Proof. Suppose R is not a Sylow 3-subgroup of G. Then there exists R < S G 
Syl 3 (G). Therefore i? < AT s (i?) and 1 / r G Z(N S (R)) n i?. Therefore A s (i?) < 
G G (r) ^ # which is a contradiction. Thus f? G Syl 3 (G). Pick a, & G R such 
that Cff(a) = 3 x Alt(5) and C H (b) ^ N H (R). Now we check the hypotheses 
of Theorem 2.8. We have that for any r G f? # , C G (i?) < G G (r) < H and so 
C G (R) = Ch(R) = R- So consider N G (R)/C G (R) which is isomorphic to a sub- 
group of GL 2 (3). Since R G Syl 3 (G), N G (R)/R is a 2-group. Also N H {R)/R ^ 
Dih(8). Suppose N G (R)/R = SDih(16). Then N G (R) is transitive on i?# which 
is a contradiction. Therefore N G (R) = N H (R) and N G (R)/C G (R) Dih(8) so 
(i) is satisfied. Now C G (a) = Gjy(a) and there exists some x € H that inverts a. 
Therefore iV#((a)) = Ch(o)(x) ^ H. Similarly C G (b) — Cn(b) and there exists 
some y & H that inverts 6. Therefore Nn((b)) = Cu{b){y) ^ if". Thus (m) and 
(m) are satisfied so G = H = Alt(8). □ 

Lemma 2.10. [13, 3.20 (m)] Lef X = SL 2 (3) and 5 G Syl 3 (A). Suppose that X 
acts on an elementary abelian 3-group V such that V = (Cv{S) x ), Gy(A) = 1 
and [V, S, S] = 1 . Then V is a direct product of natural modules for X . 

Lemma 2.11. Let G be a group, p be a prime and S G Syl p (G). Suppose J(S) is 
abelian and suppose a, b G J(S) are conjugate in G. Then a and b are conjugate in 
N G (J(S)). 

Proof. Suppose a 9 = b for some g G G. Notice first that it follows immediately from 
the definition of the Thompson subgroup that J(S) g = J(S 9 ). Now J(S), J(S 9 ) sC 
C G (b). Let P,Q G Syl p (G G (6)) such that J(S) ^ P and J(S 9 ) sC Q. Again, 
by the definition of the Thompson subgroup, it is clear that J(S) ^ P implies 
J(S) = J(P) and similarly J(S 9 ) = J(Q). By Sylow's Theorem, there exists 
x G C G (b) such that Q x = P and so J(S) = J(P) = J(Q) X = J(S) 9X . Thus 
gx G N G (J(S)) and a gx = b x = b as required. □ 

Lemma 2.12. Let X be a group with an elementary abelian subgroup E < X of 
order 2 2n such that Cx(E) = E. Let S G Syl 2 (A) and suppose that whenever E < 
R<S with R/E elementary abelian and \R/E\ = 2 a we have \C E (R)\ s$ 2 2 ™- a ~ 1 . 
Then E is characteristic in S. 

Proof. First observe that since Cx (E) — E, X/E is a group of outer automorphisms 
of E. Let a be an automorphism of 5 such that E a ^ E. Then R := EE a < S. 
Since E a is elementary abelian, we have that E a /(E n E a ) ^ EE a /E = R/E is 
elementary abelian and EnE a is central in R. If \R/E\ = 2 a then \EDE a \ = 2 2n - a 
so \C E (R)\ ^\Ef]E a \ = 2 2n - a which is a contradiction. □ 
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Lemma 2.13. Let E ^ GL 4 (3) such that \E\ = 2 5 , and \®{E)\ ^ 2. Furthermore 
let S $5 GL4(3) be elementary abelian of order nine such that S acts faithfully on 
E. If Q(8) = A = B with A ^B both S-invariant subgroups of E, then E ^ 2++ 4 
and E is uniquely determined up to conjugation in GL/4(3). 

Proof. Note that E is non-abelian since A,B^E. Therefore \E/$(E)\ = 2 4 is 
acted on faithfully by S. Hence, S is isomorphic to a subgroup of GL 4 (2). Now 
observe that GL/4(2) has Sylow 3-subgroups of order nine which contain an element 
of order three which acts fixed-point-freely on the natural module. Thus any S- 
invariant subgroup of E properly containing $(£') has order 2 3 or 2 5 . Since A 
and B are distinct and normalized by S, we have E = AB. Suppose | Z(£7) | > 2. 
Then \Z{E)\ = 8 is S-invariant. By coprime action, Z(E) = (C Z (E)(s)\s 6 S*). 
Thus there exists s G S* such that C Z (e){s) > $(E). Since E = AB, we find 
a e A and b 6 B such that ab e C Z (e)( s )\&(E)- Then, as s normalizes A and 
B, s must centralize a and b. Now Ce{s) is 5-invariant with \Ce(s) fl A\ ^ 4 
and \Ce(s) Pi B\ ^4. It follows that [E,s] — 1 which is a contradiction. Thus 
Z(E) = $(E) and so E is extraspecial and E = 2 ] f +4 . 

Since E is extraspecial, [E : E'\ — 2 4 . Therefore there are sixteen 1-dimensional 
representations of E over GF(3). Moreover there is a 4-dimensional representation 
of E since E ^ GL 4 (3). Since 16 + 4 2 = 32 = \E\, this accounts for all the 
irreducible representations of E over GF(3). Hence there is a unique 4-dimcnsional 
representation of E and so there is one conjugacy class of such subgroups in GL 4 (3). 

□ 

The following lemma is an application of Extremal Transfer (see [7, 15.15, p92] 
that will be needed in Section 5. 

Lemma 2.14. Let G be a group and 4x4x4 = A<G with C G (A) = A. Set 
X := Ng(A) and assume that X ~ 4 3 : (2 x GLs(2)) contains a Sylow 2-subgroup 
of G. Furthermore suppose that there exists an involution u G X\0 2 (X) such that 
C G {u) 2 x Sym(8). Then u $ 2 (G). In particular, 2 (G) ^ G. 

Proof. Let Y := 2 (X) then Y/A = GL 3 (2) and u <£Y '. We assume for a contra- 
diction that for some g 6 G, r := u 9 e Y and so we apply [7, 15.15, p92] to see 
that Cx(r) contains a Sylow 2-subgroup of Ca(r) = 2x Sym(8). Observe first that 
r A because no element of order four in G squares to r. 

Set V := n(A) ^ 2 3 and let S G Syl 2 (Cx(r)). Then \S\ = 2 8 and therefore 
\SC\A\ > 2 4 . It follows that SnA = 4 x 4 since Ar G Y/A ^ GL 3 (2) acts faithfully 
on V and therefore \C v (r)\ 2 2 . In particular, |Ca(t-)| = 2 4 and so SA G Syl 2 (X). 

Since X/A =* 2 x GL 3 (2), 2 x Dih(8) S< S*A/A S S/(AnS) = S/C A {r). Set S := 
SHY then r G S* and we have that Dih(8) 5 A/A = So/ (^4 n So) = S /C A (r). 
Since r G Z(5), G A (r)r G Z(S Q /C A (r)). Therefore S Q /(C A (r),r) =2x2. Let 
C A (r) < R<S such that |i?/C A (r)| = 2 and 5 = S R and [i?, 5 ] < C A (r). This is 
possible as S/C A (r) ^ 2 x Dih(8). We have therefore that [R, So], S nR < CU(r) < 
(CU(r),r) and so S/(C A (r),r) =2x2x2. Now (C A (r),r)/ {r) Ca(t-) = 4x4. 
Hence, S/(r) ~ (4 x 4). (2 x 2 x 2) which is a subgroup of Ca{r)/(r) = Sym(8). 
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However, a 2-subgroup of Sym(8) has non-abelian derived subgroup which supplies 
us with a contradiction. Thus u £ 2 (G). □ 

Lemma 2.15. Let G be a group with a normal 2-subgroup V which is elementary 
abelian of order 2™. Suppose t and w are in G such that Vt has order two and Vw 
has order three and Vt inverts Vw. If \C v (w)\ = 2 a then \C v (t)\ < 2 ( - n+a ^ 2 . 

Proof. Since Vt inverts Vw, we have that Vw = Vtw 2 t and so Vw 2 = Vtw 2 tw — 
VtVt w . Therefore C v (t) H C v (t w ) s$ C v {w 2 ) = C v {w). We have that \V\ > 
\C v (t)C v (t w )\ = \C v {t)\\C v (t w )\/\C v (t) r\C v (t w )\ and so 2™ ^ \C v (t)\ 2 /2 a which 
implies \C v {t)\ < 2 { - n + a ^ 2 . □ 

Lemma 2.16. Let G be a finite group and V < G be an elementary abelian 2-group. 
Suppose that r G G is an involution such that Cy(r) = [V,r]. Then 

(i) every involution in Vr is conjugate to r; and 
(ii) \C G (r)\ = \C v (r)\\C G/v (Vr)\. ' 

Proof, (i) Let t G Vr be an involution. Then t = qr, for some q G V. Since 
t 2 = 1, we have that 1 = qrqr = [q,r] as r and q have order at most two. So 
q G Cy (r) = [V, r]. So q = q\rq\r, for some qi € V, and therefore t = q^rq^rr = r qi 
and so t is conjugate to r by an element of V. 

(ii) Define a homomorphism, <fi '■ Gc{r) — > CQjyiyr) by 4>(x) — Vx. Then 
ker0 = Cy(r). Moreover, if Vy G C G /y(Fr) then Fr y = V^r. Hence, using (i) we 
see that there exists q & V such that r y = r q . Therefore G Cc(r) and of course 
Vq ^y — Vy and so 4>(q~ 1 y) = Vy. Therefore <f> is surjective. Thus, by an isomor- 
phism theorem, C G (r)/C v (r) S C G/y (Fr) and |C G (r)| = \C v (r)\\C G/v {Vr)\, as 
required. □ 



3. Determining the 3-Local Structure of G 



We assume Hypothesis 1.1. Let x G G\N G (Z) such that Z x < Q and set 
y := ZZ X ^ Q. We begin by making some easy observations in particular noting 
that Z ^ Qf and so our hypothesis is symmetric. For a large part of this proof we 
work under the hypothesis that N G (Z)/Q has shape either 4 Alt(5) or 4 Sym(5). 
We will refer to these two possibilities as Case I and Case II respectively. At the 
end of Section 4 we are able to see that in Case II G has an proper normal subgroup 
which satisfies the hypothesis of Case I and so from that point we consider Case I 
only. 

Lemma 3.1. (i) \Z\ = 3. 

(«) C Cg(z) (Q/Z) = Q. 
(Hi) Z ^Q x . 

(iv) Q n Q x is elementary abelian. 



Proof, (i) By hypothesis, Z is the centre of a Sylow 3-subgroup, S say, of G, 
therefore Syi 3 (C G (Z)) C Syl 3 (G). We have that Q = 3 (C G (Z)) and C G (Q) < Q. 
Therefore [Q, Z] = 1 implies that Z < Q. Thus Z < Z(Q) and \Z{Q)\ = 3 since Q 
is extraspecial. Hence Z = Z(Q) = Z(S) has order three. 
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(ii) Suppose that p is a prime and g G Cg(Z) is a p-element such that [Q/Z, g] = 
1. Then if p =/= 3 we may apply coprime action to say that Q/Z = Cq/z(g) = 
Cq{g)Z/Z = Co(g)/Z and so [Q,g] — 1 which is a contradiction as Cg(Q) ^ Q- 
Therefore C Cg (z)/z{Q/Z) is a 3-group and the preimage in C G (Z) is a normal 
3-subgroup of C G (Z) and so must be contained in 0$(Cg(Z)) = Q. Therefore 

Q^c Cg{z) (q/z) <q. 

(Hi) Suppose Z ^ Q x . Notice that Cq(Y) normalizes Q and Q x and therefore 
Q n Q x < C Q (Y). This implies that QnQ x = Z X for if we had QC\Q X > Z x then 
|C Q (y)/(Q n Q x )\ < 9 and so Z = C Q (F)' < Q n Q x . Therefore Q*C Q (y)/Q* £* 
Cq(Y)/Z x which must be non-abelian of exponent three and order 3 3 and so 
Q x Cq(Y)/Q x is a subgroup of Cg{Z x )/Q x of order 3 3 which is a contradiction. 

(iv) Since [Q,Q] = Z ^ Z x = [Q X ,Q X ], we immediately see that [Q C\Q x ,QCi 
Q x ] < ZflZ 1 = 1. Therefore Q fl Q 21 is abelian and since Q has exponent three, 
Q <1Q X is elementary abelian. □ 

Let t £ ^Vg(^) be an involution such that Qt £ Z(N G (Z)/Q). 

Lemma 3.2. (i) Ng{Z)/Q acts irreducibly on Q/Z and in Case I, Cg(Z)/Q = 
2'Alt(5) ^ SL(2,5) whilst in Case II, it has shape 2'Sym(5). 
(ii) Cg(t) = Z = Cq(/) for every element of order five f G C G (Z). In particular, 
in Case I, Cg(Y) is a 3-group and in Case II, Cg(Y) is a {2,3} group with 
2-part at most 2. 

(Hi) There exists a group X < C G (Z) with X/Q ^ 2' Alt (4) SL 2 (3) and such 
that X/Q has no central chief factors on Q/Z. 

Proof. It is clear that Nq(Z)/Q acts irreducibly on Q/Z (for example, from the 
fact that 5 { |GL 3 (3)|) and so has no non-trivial modules of dimension less than 
four over GF(3). Since Qt G Z(Nq(Z)/Q), it follows from coprime action that 
Co/z(Qt) — Cq(t)/Z. Hence Cg(t) is a normal subgroup Nq(Z) which is not 
equal to Q since C G (Q) ^ Q- Since Cq(t)/Z is a proper iVG(Z)/Q-submodule 
of Q, we have Cq(£) — Z and [Q,t] — Q. In particular notice that this means 
that the normal subgroup of order four in Nq(Z)/Q does not centralize Z. Thus 
C G (Z)/Q = 2 Alt(5) = SL(2,5) or has shape 2 Sym(5) which proves (i). Now, 
for / G Nq(Z) of order five, by coprime action, Q/Z = Cq/z(S) x [Q/Z,f] and 
C Q /z(f) - C Q (f)/Z ± Q/Z. Since / acts fixed-point-freely on [Q/Z, /], [Q/Z, f]# 
has order a multiple of five. Therefore Q/Z = [Q/Z, f] and so Cq(/) = Z. 

Now Cg(Y) ^ Cg(Z) and Cg(Y) contains no involution or element of order 
five. In the case that N G (Z)/Q = 4 Alt(5) (and so C G (Z)/Q ^ 2 Alt(5)) since the 
Sylow 2-subgroups are quaternion, we see that Cq(Y) is a 3-group. Otherwise, Y 
is centralized by a 2-group of order at most 2. This proves (ii). 

(Hi) Observe (using [1, 33.15, pi 70] for example) that a group of shape 2 Alt(5) 
is uniquely defined up to isomorphism and that in either case Cq(Z)/Q has such a 
subgroup which necessarily contains Qt. Moreover, 2 Alt(5) has Sylow 2-subgroups 
isomorphic to Q(8) with normalizer isomorphic to SL2(3). Let X ^ Cq(Z) be such 
a subgroup. There can be no central chief factor of A on Q/Z because Qt G Z(X/Q) 
inverts Q/Z. □ 
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Lemma 3.3. (i) W := Cq{Y)Cq*{Y) = 3 (C G {Y)) is a group of order 3 5 and 
there exists S £ Sy\ 3 (N G (Z)) such that Y < S. 
(ii) L := (Q,Q X ) ^ N G (Y), W = C L (Y), L/W S SL 2 (3) and N G (Y)/C G (Y) = 
GL 2 (3). 

(in) y and W/(Q fl Q 2 ) are natural L/Cl(Y) -modules, 
(iv) Z(W) = Y. 
(v) W has exponent three. 

Proof, (i) Notice that Cq(Y) normalizes Cq*(Y) = Q x D C g (Z) and so is a 
3-group. Since Z is the centre of a Sylow 3-subgroup of G we clearly have that 
\W\ < 3 6 . Now, Q is extraspecial and so \Cq(Y)\ = 3 4 and since Y = ZZ X < Q x , 
we similarly have |Cq*(Y)| = 3 4 . Of course, Cq*(Y) ^ Cq(Y) as their derived 
subgroups are not equal and so we have that \W\ — 3 5 . Moreover, \C G (Y) : W\ < 2 
and so W = 3 (C G (Y)) and since Q £ W we have that Y < QVK e Syl 3 (iV G (Z)). 

(ii) We have that L := (Q,Q X ) ^ ^Vg(Y) and L/Cl(Y) is isomorphic to a 
subgroup of GL2(3). Since L is generated by two distinct three subgroups, Q and 
Q, it follows that L/Cl(Y) is generated by two distinct subgroups of order three 
and so L/Cl(Y) = SL2(3). Also, we have seen that Cq(£) = Z, therefore t inverts 
YjZ and of course centralizes Z. Hence (L,t) /Cl(Y) = GL2(3) and in particular 
N G (Y)/C G (Y) ^ GL 2 (3). If W ^ C L (Y) then \C L (Y)/W\ = 2. Notice that 
L/W has a normal, non-abelian Sylow 2-subgroup, P say, of order 2 4 and that 
any smaller normal 2-subgroup of L/W must centralizes QW/W (else they would 
together generate L/W). It follows therefore that P is special with centre of order 
four however there can be no such group. Thus W — Cl(Y). 

(Hi) We clearly have that Y is a natural L/W-module. Now suppose that Y = 
Q n Q x = C Q (Y) n C Q x(Y). Then \W\ = 3 4 3 4 /3 2 = 3 6 which is a contradiction 
hence Y < Q n Q x and since Q HQ X is elementary abelian, \Q n Q 11 ! = 3 3 and so 
|W/(Q n Q x )\ = 9. Notice that Q H Q x is normalized by L and that L/W acts 
on W/(Q fl Q 21 ), which is the direct product of the groups Cq(Y)/(Q fl Q 21 ) and 
Cq*(Y)/(Q n Q x ). Therefore it must be a natural L/W-module. 

(iv) Clearly Y < Z(VK) so suppose F < Z(VK) then Z(W) has index at most nine 
in W. Since the non-abelian group Cq(Y) is contained in W, W is non-abelian. 
Therefore [W : Z(W)] = 9. Notice that Z(W) ^ QnQ x otherwise Cq(Y) is abelian. 
So we have that (Q<lQ x )Z(W)/(Qr\Q x ) is a proper and non-trivial L/W invariant 
subgroup of the natural i/VK-module, W/(Q fl Q x ). This is a contradiction. Thus 
Y = Z(W). 

(v) Since Q has exponent three, Q fl Q x does also. Choose a £ Q\(Q f~l Q x ) then 
(Q n Q x )a is a non-identity element of the natural N G (Y) /W-modu\e, W/Q n Q x . 
Moreover, every element in the coset has order dividing three since Q has exponent 
three. Since N G (Y)/W is transitive on the non-identity elements of the natural 
module W/(Q fl Q x ), every element of W has order dividing three. □ 

We continue to use the notation W and L as in the previous lemma. Furthermore, 
let s be an involution such that Ws £ Z(L/W) then s inverts Y and so s £ N G (Z). 
Since t £ N G (Y) we may choose s such that s and t are in a Sylow 2-subgroup 
of N G (Y) and therefore [s,t] = 1. Furthermore set J := [W,s] and we also now 
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set 5" := QW e Syl s (C G (Z)) n Syl 3 (J) and let Z 2 be the second centre of S (so 
Z 2 /Z = Z(S/Z)). 

Lemma 3.4. (i) We have that Y < Z 2 < C G {Y) and Z 2 is abelian of order 3 3 
but distinct from Q n Q x . 
(ii) W = Y. 

(Hi) QnQ x = YC Cs (y)(s) andC Cs{Y) (s)<lC L (s) = 3.SL 2 (3). 

(iv) J is an elementary abelian subgroup of C G (Y) of order 3 4 that is inverted by 

s and Q n J = Z 2 . 
(v) J = J(S) = J(W) andY < S" < Q n J. 
(vi) t and st are conjugate in N G (Y). 

Proof, (i) By Lemma 3.1 (ii), C G (Z)/Q acts faithfully on Q/Z. Therefore S/Q 
is isomorphic to a cyclic subgroup of GL(Q/Z) = GL4(3) of order three, we may 
consider the Jordan blocks of elements of order three to see that any such cyclic 
subgroup centralizes a subgroup of Q/Z of order at least 3 2 . Therefore \Z 2 /Z\ ^ 9 
and so \Z 2 \ ^ 27. Since [Q/Z,Z 2 ] = 1, Z 2 < Q by Lemma 3.1 (ii). Now suppose 
Z 2 £ C G (Y). Then S = Z 2 C G (Y) e Syl 3 (G). Since Z 2 /Z = Z(S/Z), [S,Z 2 ] < Z 
and so [W,Z 2 ] < Z < Q(lQ x . Therefore [W/(Q n Q X ),Z 2 ] = 1, however this 
implies that acts trivially on the natural L/VF-module W/(Q Pi Q x ) which 

is a contradiction. So Z 2 C G (Y) n Q. Suppose QflQ 1 < Z 2 . Then Z* = 
[Cq*(Y),QC\Q x } < [Cq*(Y),Z 2 ] Z which is a contradiction. Therefore \Z 2 \ =27 
and in particular, Z 2 7^ Q PI Q 21 . Furthermore Y <\ S and so Y/Z is central in S/Z. 
Therefore Y < Z 2 and since Y is central in Z 2 < C G (Y), Z 2 is abelian. 

(ii) Now Z = Cq(Y)' < W and Z* = C Q * (Y)' < W and so Y < VF'. Moreover, 
we have just observed that Z 2 7^ Q fl and so Q H Q 11 and Z 2 are distinct normal 
subgroups of VF both of index nine. Thus Y ^ W' ^ Q n Q x fl Z 2 . It follows from 
the group orders that Y = C G (Y)' = QnQ x C\Z 2 . 

(Hi) By coprime action on an abelian group, W/Y = Cw/y( s ) x [W/Y,s]. By 
Lemma 3.3 (ii), Y and W/(QC\Q X ) are natural J/W-modules. Therefore s inverts 
Y and W7(<2 n Q x ). It follows from coprime action that CV(s)| = 3 and that 
C w (s) Q n Q x with Q n Q x = YCw(s). Furthermore, L/W SL 2 (3) and 
TYs G Z(J/VF) so it follows from coprime action that CV(s) < Cl(s) ~ 3.SL 2 (3). 

(iw) We have that y is inverted by s and so 7 = [Y, s] < J. We also have that 
[IY/Y, s]| = 9 and by coprime action we see, [W/Y, s] = Y[W,s]/Y = YJ/Y = 
J I (J fl Y) = J/Y. This implies that J has order 3 4 and furthermore we have 
that 1 = J n Cw(s). This implies that s acts fixed-point- freely on J and so J is 
abelian and inverted by s. By Lemma 3.3 (v), W has exponent three and so J is 
elementary abelian. Now Z 2 is a characteristic subgroup of 5 and so is normalized 
by s. Moreover Y ^ Z 2 . If Cz 2 (s) + 1 then Z 2 = Q (1 Q x = YC w (s) which is a 
contradiction. Thus Z 2 = J CiQ. 

(v) Suppose there was another abelian subgroup of W of order 3 4 , Jo say. Then 
I J fl Jo I = 3 3 and J n Jo is central in W. This contradicts Lemma 3.3 which says 
that Z(W) = Y. It follows therefore that J(W) = J. Clearly 3 4 is the largest 
possible order of an abelian subgroup of S (else Q would contain abelian subgroups 
of order 3 ). So suppose J\ is an abelian subgroup of S distinct from J. Then 
Ji ^ W and Ji ^ Q. Therefore, S/Z contains three distinct abelian subgroups 
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Q/Z, J/Z and Ji/Z. We must have that S = QJ = QJi. Hence, (Q/Z) n (J/Z) 
and (Q/Z) n (Ji/Z) both have order nine and are both central in S/Z. We must 
have that Q/ZHJ/Z = Q/ZHJi/Z = Z 2 /Z. Thus Y ^ Z 2 Ji and so Ji < C S (Y) 
which we have seen is not possible. Thus J = J(S). In particular, J is a normal 
subgroup of S of index nine and so Y = W ^ 5" ^ Q R J. 

(ui) Finally, we have seen that L(t)/W = GL 2 (3) and so Wt is conjugate to Wst 
and since W is a 3-group, an element of L conjugates t to st. □ 

We now choose a subgroup S < X ^ Cg(Z) such that X/Q = SL 2 (3) as in 
Lemma 3.2. 

Lemma 3.5. Q/Z = (Cq/ z (S) x ^) and S/Q acts quadratically on Q/Z. 

Proof. First observe that since X/Q = SL 2 (3) and there is no central chief factor 
of X/Q on Q/Z, any proper X/Q-submodule of Q/Z is necessarily a natural X/Q- 
module. Let Z < V < Q such that V/Z is an X/Q-submodule and is therefore 
a natural module. Thus S/Q acts non-trivially on V/Z. In particular this means 
V/Z ^ Z(S/Z) = Cq/z{S). So Z(S/Z) is not contained in any proper X-invariant 
subgroup of Q. Thus Q = (C Q/Z (S) X / Q ). 

Now, J — J(S) is abelian and normalized by S and so [Q, J] ^ J and then 
[Q,J,J] = 1. Now J ^ Q (as Q has no abelian subgroups of order 3 4 ) and so 
S/Q = JQ/Q and therefore [Q/Z, JQ/Q, JQ/Q] = 1 and so S/Q acts quadratically 
on Q/Z. □ 

We have now satisfied the conditions of Lemma 2.10 and so we have the following 
results. 

Lemma 3.6. (i) Q/Z is a direct product of natural X / Q-modules. 
(ii) There are exactly four X-invariant subgroups N\ , N 2 , N 3 , N4 < Q properly 

containing Z such that for i ^ j , Ni n Nj = Z . 
(Hi) Ni n J has order nine for each i and S' = J n Q = {Ni n J|l ^ i 4). 
(iv) For some i G {1, 2, 3, 4}, Y < Ni and Ni is abelian. 
(v) For each i G {1, 2, 3, 4}, X is transitive on Ni\Z . 

Proof. Part (i) follows immediately from Lemma 2.10 which says that Q/Z is a 
direct product of natural X/Q-modules. Let Ni and N 2 be the corresponding 
subgroups of Q. View N\/Z and N 2 /Z as vector spaces over GF(3). Since N\/Z 
and N 2 /Z are isomorphic as X-modules, it follows that there are two additional 
isomorphic submodules in Q/Z. Let 7V3 and N4 be the corresponding normal 
subgroups of Q. Then N 3 /Z and N4/Z are natural X-modules and for i / j, 
Ni n Nj = Z. This proves (ii). 

By Lemma 3.4, if Z 2 /Z = Z(S/Z) then Y Z 2 and Z 2 = J n Q is elementary 
abelian of order 27. Now for each i G {1, 2, 3, 4}, C^/^IS 1 ) 7^ 1 and so Z 2 n N — 
J n Ni has order at least nine. In fact the order must be exactly nine for were it 
greater then for some i, N — Z 2 and then n Nj would have order at least nine 
for each j ^ i. Now for each i ^ j, N n Nj = Z and so Ni fl J ^ Nj (~l J and so 
Z 2 = (JVj n J|l < i ^ 4). In particular we must have (without loss of generality) 
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that Nt n J = Y. By Lemma 3.4 (v), Y ^ S' sC Q n J. Suppose S' = Y. Then for 
any 2 < i sC 4, Y ^ N and so [AT; , S] ^ N n F = Z. Therefore Aj s$ Z 2 which is a 
contradiction. Thus Y < S' = J D Q which proves (Hi). 

We already have that (without loss of generality) N\ n J = Y. Suppose that 
Ni is non-abclian. Then Cq(ATi) = ATi = 3+ +2 . Since ATi is AT-invariant, Cq(Ni) 
is also X-invariant. Therefore, without loss of generality, we can assume that 
A^ = Cq(Ni) and so N 2 ^ C,s(Y) and N 2 is also non-abelian with Y ^ N 2 . Since 
Wi £ C S {Y), S = Cs{Y)N! and so we have that 5" sC [Cs{Y),N 1 }Cs(Y)'N[ < 
(Cs(y) n Ni)YZ = Y (using Lemma 3.4) which is a contradiction since S' > Y. 
This proves (iv). 

Finally, since each N/Z is a natural X/Q- module, X is transitive on the non- 
identity elements of Ni/Z. So let Z ^ Zn e Ni/Z. Then (Z,n) < Q however 
\Cq(ti)\ — 3 4 . Therefore n lies in a Q-orbit of length three in Zn. Hence every 
element in Zn is conjugate in X. Thus X is transitive on Ni\Z which completes 
the proof. □ 



For the rest of this section we continue the notation from Lemma 3.6 with 
Ni, N 2 , N%, N 4 chosen such that Y < Ni and satisfying the notation set in the 
following lemma also. 

Lemma 3.7. Without loss of generality we may assume that Ni = N 2 is elementary 
abelian and N 3 = N 4 is extraspecial with [Af 3 , A^] = 1. 



Proof. By Lemma 3.6, Ni is abelian. So suppose N is non-abelian for some i € 
{2,3,4}. Then C Q (Ni) = Ni = 3^ 2 is AT-invariant and we may assume C Q (N) = 
Nj for some i ^ j e {2,3,4}. Now it follows that either N is abelian for every 
i E {1, 2, 3, 4} or without loss of generality N\ = N 2 and A^ = N4 are non-abelian. 
So we assume for a contradiction that N 2 , N3 and N4 are all abelian. 

Since N\/Z is isomorphic as a GF(3)X/Q-module to N 2 /Z, for any m e N\\Z 
there is an n € N 2 \Z such that Zn is the image of Zm under a module isomorphism. 
It then follows (without loss of generality) that Znm is an element of N 3 /Z and 
Zn 2 m is an element of N4/Z. In particular x\ := nm <G N3 and x 2 := n 2 m e N4. 
Let g G X have order four then Qg 2 = Qt inverts Q/Z and so 

(1) Zn 9 ' = Zn 2 and Zm 9 ' = Zm 2 . 

Also if Z Za G N/Z and g and h are elements of order four in X such that 
Q(g) + Q(h) then N/Z = (Z a a,Za h ) and so Ni = Z(a 9 ,a h ). 

So consider [xi,^]. We calculate the following using commutator relations and 
using that all commutators are in Z and therefore central. 
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nm, (n 2 ) 9 m 9 ] 
n,m 9 ][m,m 9 ][n, (n 2 ) g ][m, (n 2 ) 9 ] 
n,m 9 ][m, (n 2 ) 9 ] 
n,m 9 ][m,n 9 ] 2 
([n,m 9 ][m,n 9 ] 2 ) 9 
n 9 , m 9 ][m 9 , n 9 ] 2 
n 9 , m 2 ][m 9 , n 2 ] 2 
n 9 , to] 2 [to 9 , n] 
(n 2 ) 5 ,m] [m ff ,n] 

(n 2 ) 9 ,m] [m 9 , m][(n 2 ) 9 , n] [m 9 , n] 
(n 2 ) 9 m 9 , nm] 
x 2 , Xi]. 



(since N\ and iV 2 are abelian) 
(since commutators are central in X) 
(by Equation 1) 

(since N\ and N 2 are abelian) 



Thus [xijX 9 ] = [xijX 9 ] -1 and so = 1. This holds for any element of order 

four in X. Thus mn G N 3 commutes with N 4 = Z((n 2 m) 9 , (n 2 m) h ) where g and 
h are elements of order four as above. Furthermore this argument works for any 
element of N 3 \Z and so [N 3 ,N 4 ] = 1. However this contradicts our assumption 
that N 3 and N 4 are abelian. □ 



Lemma 3.8. For i G {3,4}, elements in Ni\Z are not conjugate into Z. In 
particular, there are 12 elements of order three in S' which are not G-conjugate 
into Z. 



Proof. Let {i,j} = {3,4} and let a G N { \Z. Since a G Z 2 , \C s (a)\ = 3 5 . Sup- 
pose that a G Z G . Then we must have that Cs(a) = 3 {Ca{{a, Z))) and we 
must similarly have that (a,Z) = Cs(a)'. Now S — Cs(a)Nj and so S' ^ 
C s {ayNl(C s (a) n iV») < (a, Z) which is a contradiction. Thus a £ Z G . Every 
element in Ni\Z is conjugate to a and therefore no element in Ni\Z is conjugate 
into Z. 

Furthermore, by Lemma 3.6 (iii), we see that 5" = J(~\Q contains twelve elements 
of order three which are not conjugate into Z. These arc contained in N3 (~l J = 
N 3 n S' and 7V 4 n J = iv 4 n 5". □ 

Lemma 3.9. (i) Let i G {1, 2, 3, 4} and set Si := C,s(J D iVj) t/ien |Sj| = 3 5 and 
|Z(5i)|=9. 

(it) S£ = Z(5i) = J n JVi = Y, S' 2 = Z(S 2 ) = J n N 2 , S' 3 = Z{S 4 ) = J n N 4 and 
S 4 = Z(S 3 ) = JDN 3 . 

In particular Si ^ Sj for each i ^ j. 



Proof. By Lemma 3.6, | JCi Ni\ = 9 for each i G {1, 2, 3, 4} and since J is elementary 
abelian of order 81, J ^ Sj. Hence Sj ^ (J, Cq(J n TV,)). Since C'q(J n TVj) has 
order 3 4 and is non-abelian, | (J, Cq( J fl 7Vj))| ^ 3 5 . Moreover, since |S| = 3 6 
and Z(S) = Z has order three, it follows that Si = (J,Cq(J d Ni)} has order 
3 5 . Now for each i G {1,2,3,4}, Z(Sj) Q otherwise S = QZ(S 4 ) and then 
[S 4 n 0, S] sC [Si n Q, Q][Si n Q, Z(Sj)] < Z which implies that S,nQ^2 2 which 
is a contradiction. Thus Z(Sj) ^ Q has order nine and Z(Sj) = Ni n J. 
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Now for i G {1, 2, 3, 4}, we have that Z S' t . If S< = Z then Q/Z and Si/Z are 
two distinct abelian subgroups of S/Z of index three. This implies that S/Z has 
centre of order at least 3 3 . However by Lemma 3.4 (i), Z(S/Z) has order nine. Thus 
St > Z. Now for i = 1, by Lemma 3.6, F = JVi n J and so Z(Si) = iVi n J = F. 
Furthermore, for i G {1, 2}, TV, is abelian and so iVj < SV Therefore S- < 5' niVj = 
JOJV, since AT* <d SV For = {3,4}, [N, Nj] = 1 and so Nj S;. Therefore 

S' t < 5' n Nj = J n ATj since Nj < Si. " □ 

Lemma 3.10. Every element of order three in S lies in the set Q U Si U 52 and 
i/ie cw&e o/ every element of order nine in S is in Z. 

Proof. By hypothesis, Q has exponent three and by Lemma 3.4 (vi), so does J. So 
let g G S such that g £ Q U J. Then g = cfe for some c G Q\ J = Q\S' and some 
& G J\Q. We calculate using the equality c[&, c][6, c, c] = [6, c]c and using that be J 
so commutes with all commutators in S' < J. 

cbcbcb = c 2 b[b,c}bcb 
= c 2 b 2 [b,c]cb 
= c 2 b 2 c[b,c][b,c,c]b 
= c 2 b 2 cb[b,c][b,c,c] 
= [c,b][b,c][b,c,c] 
= [b,c,c]. 

Since c £ Q\J = Q\S', S'(c) is a proper subgroup of Q properly containing S'. 
As S"n7Vi = JniVj has order nine for each i G {1,2,3,4}, S'iV; has order 81. Thus 
S'(c) = S'N for some i G {1,2,3,4}. 

If S'(c) = S'Ni = C Q (Y) then cb G C S (F) = VF and IF has exponent three. 
Suppose S'{c) = S'N 2 . Then S 2 = C S (S' n JV 2 ) = J(c) and S' 2 = S' n iV 2 therefore 
[6, c] G 5' fl 7V 2 is central in S'(c) = S'7V 2 . Therefore [6, c, c] = 1 and so cb has order 
three. 

Now suppose S'(c) = S'N 3 (and a similar argument holds if S'(c) = S'-/V 4 ). Then 
S 4 = C S (S' n 7V 4 ) = J(c) and [6,c] G S 4 = S' n iV 3 . Suppose c6c6e6 = [6,c,c] = 
1. Then [6, c] commutes with J(c) = S 4 and so [6, c] eSJn Z(S 4 ) = Z. Thus 
S 4 = J(c) = S'(b,c) and so [S 4 ,S 4 ] = ([S',c],[S',b],[c,b]). However [S',c] < Z, 
[S", 6] = 1 and [c, b] £ Z which is a contradiction since [S 4 , S4] = N 3 (lS' > Z. Thus 
[&, c, c] ^ 1 and cb has order nine (no element can order 27 since Q has exponent 
three). Furthermore, (cb) 3 — [b, c, c] G [S' fl A^, c] < [Q, Q] = Z and so the cube of 
every such element of order nine is in Z. □ 

Lemma 3.11. For each i G {3,4} 7 if a G Z(S l )\Z then Z(S l /(a)) = Z(S l )/(a). 

Proof. Let {i,j} = {3,4} then by Lemma 3.9, we have that S[ = Z(Sj) and S'j = 
Z(Si). So let a G Z(S l )\Z and suppose Z(S 4 /(a)) > Z(S t )/{a). Let V < S* such 
that a G V and Z(S t /(a)) = V / (a) then \V\ > 3 3 . Therefore S;/V is abelian and 
so 5^ < V. Therefore [S-,Si] < (a). However Si normalizes Z(Sj) = S- and so 
[S 4 ', Si] < (a) n S^ = (a) n Z(Sj) = 1 since Z(S 4 ) n Z(S 3 ) ^ N n Nj = Z. However 
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this implies that ^ Z(Si) and so Nj fl J < iV» f~l J which is a contradiction. 
Therefore Z(Si/(a>) = Z(Si)/(a>. □ 

We fix an element of order three a in Q such that a G (A^ n J)\Z and therefore 
a £ Z G by Lemma 3.8. Let 3.4 := {a g \g G G} and W := {z3\g g G} where 
Z = (z). We show in the rest of this section that these are the only conjugacy 
classes of elements of order three in G. 

Lemma 3.12. (i) \C s {a)\ = 3 5 ; 
(ii) \a G HQ\ = \a Ca ^ f)Q\ = 120 and \z G f)Q\ = \z xC °W n Q\ + 2 = 122; and 
(m) Q* C 34U3£. 

Furthermore, in Case II, C G (Z)/Q is isomorphic to the group of shape 2'Sym(5) 
which has semi-dihedral Sylow 2-subgroups and in either case (s,C G (Z)')/Q ~ 
4"Alt(5). 

Proof. We have chosen a£JV 3 nJ and so by Lemma 3.9, Cs(a) — Cs((Z,a)) = 
C S (N 3 n J) = S 3 which has order 3 5 . Now let q G Q\Z and consider [C G (Z) : 
Cc G (z)(q)]- By Lemma 3.2 (ii), an element of order five acts fixed-point-freely on 
Q/Z so we have that 5 | [Cc(Z) : Cc g (z)(q)}- Let R be a Sylow 2-subgroup of 
Cc G (z)(<l)- Recall that Cq{Z)/Q has subgroups isomorphic to Q(8) with Qt in the 
centre. The preimage of any such subgroup in Cg{Z) intersects trivially with R 
as Qt inverts Q/Z. So 8 | [Cg(Z) : Cc g (z){q)]- Furthermore q is not 3-central in 
C G (Z) and so 3 | [C G (Z) : C Co (z)(«)]. Therefore [C G (Z) : C Co (z)(q)] is a multiple 
of 120. Now there exists z x G Q\Z which lies in a CG(Z)-orbit in Q of length at 
least 120 and also there exists a G Q which is not conjugate to z and lies in a Cq{Z)- 
orbit in Q of length at least 120. Since a is not conjugate to z x , these orbits are 
distinct. Thus \a G nQ\ = \a GG ^C\Q\ = 120 and |z G nQ| = \z xCg ^C\Q\+2 = 122. 

We may now observe that in Case II, when Nc(Z)/Q ~ 4'Sym(5), every sub- 
group of index two must contain an involution centralizing z x G Q\Z. In particular, 
t can not be the unique involution in any such index two subgroup. It follows then 
that Cg(Z)/Q is isomorphic to the group of shape 2'Sym(5) which has semi-dihedral 
Sylow 2-subgroups as claimed. 

The final comment in the statement of this lemma is clear in Case I so suppose 
we are in Case II. Recall that Js lies in the centre of Ng{J) / J and that s centralizes 
S/J. We have that {s,C G (Z)')/Q has shape 4 Alt(5) or 2 Sym(5). Thus a Sylow 
2-subgroup of the normalizer of S is isomorphic to C4 x C2 or Dih(8) respectively. 
If (s, Cg{Z)')/Q ~ 2'Sym(5) then a Sylow 2-subgroup of the normalizer of S must 
act faithfully on S/J — QJ/J = Q/Q fl J as the centre of the dihedral group is a 
conjugate of t and so inverts S/ J. Thus s cannot lie in such a subgroup and we 
may conclude that (s, C G {Z)')/Q - 4' Alt (5). □ 

Lemma 3.13. (i) \Cj(t)\ = \C s (t)\ = 3 2 and t inverts S/J. 

(ii) In Case I, we have that \N G (S) n C G (Z)\ = 3 6 2 2 and \N G (S)\ = 3 6 2 3 . 
(Hi) In Case II, we have that \N G (S) n C G (Z)\ = 3 6 2 3 and \N G (S)\ = 3 6 2 4 . 

(iv) There exists an element of order four e G N G (S) fl C G (Z) such that e 2 = t 
and e does not normalize Y. 
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Proof. We have that CQ(t) = Z and so t inverts Q/Z. We also have that t central- 
izes S/Q = QJ/Q = J I {J CiQ). Since Cq(£) = Z, we see using coprime action and 
an isomorphism theorem that Cj//j n Q\(t) = Cj(t)( J <~) Q)/(Jf) Q) = Cj(t)/Z and 
so \Cj(t)\ = 3 2 . We also see that t inverts Q/(Q H J) = QJ/J = S/J which proves 
(i). 

Now, in Case I, the normalizer of a Sylow 3-subgroup has order 2 2 3 with a cyclic 
Sylow 2-subgroup and in Case II, it has order 2 3 3. Recall that s G N G (Y) inverts Z 
and normalizes S ^ N G (Y). Thus (ii) and (ziz) follow immediately. Furthermore, 
in either case, we may choose an element of order four e G C G (Z) that squares to 
t and normalizes S. Suppose e normalizes Y. Then e 2 = t centralizes Y which is 
impossible. This completes the proof. □ 

Lemma 3.14. (i) J* C 3.4 U 3B. 

(ii) N* C 3B, |C, 7 (t) n 3^| = |Cj(t) n 3.4| = 4 and C Cs (y)(s) # C 3A. 
(Hi) Every element of order three in S is in the set 3AU 3B. 
(iv) For every q G Q there exists P G SjI s (Cg{Z)) such that q G J{P)- 

Proof, (i) Since N G (Y)/C G {Y) = GL 2 (3) and J is characteristic in C G (Y) and 
inverted by Ca(Y)s, we have that J/Y is a natural Nq{Y)/Cg (F)-module. Hence 
there are four A r G(F)-images of 5" in J with pairwise intersection equal to Y. By 
Lemma 3.12, Q# C 3AU 3B. Therefore [S, S}* C 3AU3B which implies that 
J\{1} C 3-4U3S. 

(ii) We have that for i G {1,2,3,4}, by Lemma 3.6 (v), X is transitive on 
Ni\Z and so either Ni\Z C 3^4, or Ni\Z C 3i3. By Lemma 3.13 (izi), there exists 
e G Ng(S) such that y e 7^ Y. Since e normalizes S 1 , e normalizes Z2 = (JDNi | z G 
{1, 2, 3, 4}}. Therefore Y e = NiD J for some i G {2, 3, 4}. We have that N t \Z C 3^ 
for z = 3, 4 and so F e = 7V 2 n J. Thus iVf C 3B. Notice now that Cz 2 (si) has order 
9 and is a complement to Z in Z 2 . Therefore \Cj(st) n 3^| = |Cj(st) n 3.4| = 4. 
By Lemma 3.4 (vi), t is conjugate to st by an element of N G (Y) ^ N G (J) and so 
the same count holds for t. 

Now there are five conjugates of X in C G (Z) and therefore five images of Ni and 
of iV 2 in C G (Z) (since if TV^ was normal in two distinct conjugates of X then Ni 
would be normal in C G (Z)). For each i G {1, 2}, N\Z contains 24 conjugates of 
z. Since Q\Z contains 120 conjugates of Z, there exists i G {1,2} and g G C G (Z) 
such that Y < Nf < X s and JV? 7^ TVi. Now consider Cq(F) which is normalized 
by s (as s normalizes Q and Y). By Lemma 3.4 (Hi), C Gs (y)(s) ^ Q fl has 
order three. Now there are four proper subgroups of Cq(Y) properly containing Y. 
These include Q fl Q x , 5', Ni and Nf (we can not yet exclude the possibility that 
Qf)Q x = Ni or Nf). We have that s normalizes at least two subgroups: S' 7^ Q<~)Q X 
(since S' = JPiQ and using 3.4 (i) and (iv)). Suppose that s normalizes N\ and Nf. 
If s inverts N\ then N\ < [Cs(Y), s] = J which is a contradiction (as \N\ fl J| = 9). 
Therefore iVi = FCc s (y)(s) = Q fl Q 21 and by the same argument Nf = Q (1 Q x 
which is a contradiction since Nf ^ N\. Therefore at least one of N\ and Nf is 
not normalized by s. We assume that Nf ^ Ni (and the same argument works 
if Nf B ^ Nf) and so the four proper subgroups of Cq(Y) properly containing Y 
are Q n Q x , S', iVi and N(. Now consider \C Q (Y) n 3^|. Since Q/N x is a natural 
X/Q-module, there are four X-conjugates of Cq(Y) in Q intersecting at N\. Each 
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must contain exactly 120/4=30 conjugates of a. Thus \Cq(Y) n 3A\ = 30. Clearly 
Nx n 3.4 = N( n 3.4 = and \S' H 3.4| = 12 by Lemma 3.8. Therefore we have 
|0 n Q x n 3.4| = 18. In particular this implies C Cs{X) {s)* C 3A 

(m) By Lemma 3.10, every element of order three in S lies in Q U Cs{N\ D J)L) 
Cs(N 2 U J) and the cube of every element of nine is in Z. Recall that Ni n J = Y 
and since iV* C 3B and Cc{Z) is transitive on Q n 3B\Z, N± D J is conjugate 
in C G (Z) to 7V 2 n J. Therefore S 2 = Cs(jV 2 n J) is conjugate to C S (Y) = Si. 
Now, by Lemma 3.3, Cs(Y)/(Q n Q 21 ) is a natural SL 2 (3)-module and so there are 
four iV G (y)-conjugates of Cq{Y) in CsiY) and this accounts for every element of 
C S {Y). Since C Q (Y)* C Q* C 3A U 3B, C s (r)# C 3.4 U 36 and therefore every 
element of order three in S is in 3.4 U 3B. 

(iv) Since z x , a G J = J(S) and every element in <2\i? is C G (Z)-conjugate to one 
of these, every element in Q lies in the Thompson subgroup of a Sylow 3-subgroup 
oiC G (Z). □ 

Lemma 3.15. C G {a) £ N G (J). 

Proof. By Lemma 3.14 (ii) and (iv), there exists g £ QnQ x Ci 3 A and there exists 
R G Sy\ 3 (Cc(Z)) such that g G J(R). The same lemma applied to C G (Z X ) says 
that there exists P G Syl 3 (C G (Z x )) such that g G J(P). If Q n Q x J(i?) then 
y < J(i2) < C G (F). Hence J(i?) = J(C G (Y)) = J (see Lemma 3.4 (v)) however 
Q C\Q X ^ J (by Lemma 3.4 (m) since 1 7^ C Gg (y)(s) ^ Q (~\Q x but J is inverted 
by s). Therefore C R {g) = J(R)(Q n Q x ) and similarly C P (g) = J(P)(Q n Q x ). 

Suppose J(-P) = J(-R). Then J(R) is normalized by (Q 1 Q X ) = L. However 
Oz(L) = Cs(Y) and so g G ./(-R) = J(Cs(Y)) = J which is a contradiction and 
so J(P) ^ J(i?). This implies that C G (g) has two distinct Sylow 3-subgroups with 
distinct Thompson subgroups. Since a is conjugate to g, it follows that C G (a) ^ 

JVg(J)- □ 

Lemma 3.16. Let A G Syl 2 (C G (Z)) smc/i i/iai i G A and suppose that f G A such 
that f 2 = t. Then Z G Syl 3 (C G (/)) n Syl 3 (C G (A)). 

Proof. We have that Cq(A) < C Q (f) = Z since / 2 = t and C Q (i) = Z. In either 
case for the structure of C G (Z), we have that every element of order four in A 
(which is isomorphic to either SDi 6 or Q(8)) lies in the subgroup of A isomorphic 
to Q(8) which in turns lies in 2 (C G (Z)). Thus it follows from the structure of 
2'Alt(5) that no element of order three in C G (Z)/Q centralizes Qf . Therefore, by 
coprime action, we have that Z G Syl 3 (C G (/)) (1 Syl 3 (C G (4)). □ 

Lemma 3.17. We have that [N G (J) : C NG{J) {a)} = 48 and [N G (J) : C Ng{j) {Z)\ = 
32. Furthermore, \N G (J)\ — 3 6 2 7 or 3 6 2 8 in Case I and II respectively. 



Proof. Since J/Y is a natural N G (Y) / C G (Y)-modu\c, J contains four N G (Y)- 
conjugates of S' with pairwise intersection Y. By Lemma 3.6, S' — {NiCiS' 1 ^ i < 
4). Since the conjugates of z lie in Nil)S' and iV 2 US", |S"n3B| = 8 + 6 = 14 and so 
I J n 36 1 = 8 + (4 * 6) = 32. Therefore, by Lemma 2.11, [N G (J) : C Ng{j) {z)\ = 32. 
Now by Lemma 3.13, \C Na{s) (z)\ = 3 6 2 2 in Case I and \C Ng(s) (z)\ = 3 6 2 3 in 
Case II. Note that C Ng{S )(z) ^ C Ng[j) {z) < C G {z) n N G (QJ) = C Ng(s) (z) and 
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so C Ng(S )(z) = C Ng{j) (z). Thus \N G (J)\ = 3 6 2 7 or 3 6 2 8 respectively. Since 
J* C \ Jn3A\ = 48 and so [N G (J) : C NG(J) (a)] = 48. □ 

Lemma 3.18. If r is any involution in C G (Z)\Qt, then Cq(t) = [Q,r] = S 1 ^ 2 . 
Furthermore, we have that C G (J) = J and J normalizes no non-trivial 3' -subgroup 
ofG. 

Proof. We may assume that (t,r) ^ Cg{Z) is elementary abelian of order four. 
By coprime action, Q = (Cg(t), Cq(t), Cg(fr)). It follows from the fact that 
Cq(£) = Z that CQ(r),CQ(tr) > Z. By the three subgroup lemma we have that 
[[Q, r], Cq(t-)] = 1 and it therefore follows that [Cq(r) = = S 1 ^ 2 as claimed. 

So now suppose that an involution in Cg(Z) centralizes J then Z 2 = Cq(t) is 
elementary abelian and it follows then that Cg{J) = J. If N is a 3'-subgroup of 
G normalized by J then by coprime action, N = (Cn{v) '■ yinY#). Since Y < 
3 (C G (y)) for each y G Y#, we have that [C N (y),Y] ^ C N {y) n 3 (C G (y)) = 1. 
Thus N < C G {Y) and in particular, N normalizes J(0 3 (C G (Y))) = J(W) = J. 
Thus [J, N] ^ N n J = 1. We thus have that AT = 1. □ 

Recall that a group if is said to be 3-soluble of length one if H/O31 (H) has a 
normal Sylow 3-subgroup which is to say that H = O31 t3 ^'(H). 

Lemma 3.19. We have that 2 (N G (Y)/J) < 2 (N G (J)/J) = 2^ and N G (J)/J 
is 3-soluble of length one. 

Proof. Set K := N G (J) and K = K/J. Then K has order 3 2 2 7 or 3 2 2 8 and 
S G Syl 3 (F). Clearly 3 (X) < S so recall Lemma 3.9. If 3 (K) > J then it 
is clear from the order that 3 (K) ^ S and so we must have 3 (K) = Si for 
some i G {1,2,3,4}. Therefore X normalizes Z(5j). However, this leads to a 
contradiction since if is transitive on J n 3.A and on J D3B and so we have that 
3 (K) = J. 

By Burnside'sp" (^-Theorem [6, 4.3.3, pl31], K is solvable. Let N be a subgroup 
of K such that J ^ N and 77 = 2 {K). Then 77 7^ 1 since K is solvable and 
03(if ) = 1. Recall that s inverts J and so s G 2(K), in particular, s G N. Moreover 
77 is the Fitting subgroup of K, F(K), and so by [11, 6.5.8], C W (N) ^ 77. If any 
element in S centralizes N/$(N) then by a theorem of Burnside [6, 5.1.4, pl74], 
such an element centralizes TV and so is the identity. Therefore S acts faithfully on 
N/$(N) and so by calculating the order of a Sylow 3-subgroup in GL„(2) for n = 
1, 2, 3 we see that \N/Q(N)\ ^ 2 4 . Moreover, since s is central in K, we have that 
s G $(77) and so |77| ^ 2 5 . We use Lemma 3.13 (Hi) to find e G N G (S) such that 
e 2 = t and e does not normalize Y . Since t inverts S, by Lemma 3.13 (i), (e)(~)N = 1. 
So, when \K\ = 3 2 2 7 we have that |77| ^ 2 5 and so we have that |77| = 2 5 and then 
that K = NS(e) is 3-soluble of length one. So suppose instead that \K\ = 3 2 2 8 and 
let P G Sy\ 2 (Nc G (z)(S)) then \P\ = 2 3 . We have seen that a subgroup of order four 
in P intersects trivially with TV and so \P (1 N\ ^ 2. Suppose for a contradiction 
that R := P n N has order two. We have that [S/J, RJ/J] sC S/J n TV/ J = 1 and 
so i? acts trivially on S/J = Q/(Q n J). Clearly Qi?/Q ^ Q(t)/Q = Z(C G (Z)/Q) 
and so by Lemma 3.18, [Cg(i?) = [Q,R] = S 1 ^ 2 . However we have seen that R 
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centralizes Q/Z 2 and so Z 2 = [Q,R] which is a contradiction. Thus we again have 
that \N\ = 2 5 and ~K = TSTSP) is 3-solublc of length one. 

Recall that L = (Q,Q X ) ^ N G (Y) and W = 3 (L) = C L (Y) and L/W S 
SL2(3). It follows then that Lj J = 3 x SL2(3) and so there exists a group J ^ 
A < K such that A = Q(8) is normalized by S and thus necessarily contained in 
N. Recall that we have e G Ng(S) ^ K such that e 2 = t and e does not normalize 
Y_. Ii_A e = A then V = L and it would follow that Y e = Y . Thus if we set 
B = A then we may apply Lemma 2.13 to see that N = 2^_ +4 which completes the 
proof. □ 

Lemma 3.20. Cs(s) = (a\, a 2 ) = 3x3 where a\,a 2 £ SA and there exist (a\, a 2 )- 
invariant subgroups Q(8) = X^ ^ Cg(s) H Cc(ai) /or i G {1,2} suc/i <fta< s £ X, 
and [X l5 X 2 ] = 1. 



Proof. Consider D := C Ng{j) (s) = C Ng{j) (s)J/J = C Ng{j)/j {s) = N G (J)/J. 
This is a group of order 2 7 3 2 or 2 8 3 2 in which 2 (D) = 2 1 | +4 . Since s central- 
izes S/J = Q/(QPiJ) (which is elementary abelian), we see that P := Cs(s) is 
elementary abelian of order nine. By Lemma 3.14 (ii), C Gs (y)( s )^ Q 3.4 so let 
(ai) := Cc s (Y)( s ) ^ -P an d by Lemma 3.4 (Hi), (a\) <\ Cl{s) = 3.SL 2 (3). This 
extension is split and thus a direct product by Gaschiitz's Theorem as P is ele- 
mentary abelian. Thus ot\ commutes with a group X\ < Cl{s) isomorphic to Q(8) 
which is normalized by P. 

Recall that using Lemma 3.13 (Hi) there is an element of order four e £ C G (Z) 
which normalizes S (and therefore J and J{s)) but not Y and so C$(Y) ^ C${Y) e 
and J ^ Cs(Y e ) < S. Since s centralizes S/ J, we have af =: a 2 G C Cs (ye)(s) and 
P = (a\,a 2 ). Moreover, (a 2 ) < Cl^(s) ~3x SL 2 (3). Let X 2 < C^e(s) isomorphic 
to Q(8) which is normalized by P. Now Z) is 3-soluble of length one, and since for 
i £ {1,2}, (Xi,P) = 3 x SL 2 (3), it follows that X l 2 (D) 2++ 4 . Since 2 1 + 4 
contains just two subgroups isomorphic to Q(8), we have that X\X 3 = 2 ] f +4 and 
[X 1 ,X 2 ] = l. □ 

Lemma 3.21. (i) In Case I, C G (a) = 3 x Alt (9) and No ({a)) is isomorphic to 
the diagonal subgroup of index two in Sym(3) x Sym(9). 
(ii) In Case II, C G (a) 3 x Sym(9) and N G ((a)) ^ Sym(3) x Sym(9). 



Proof. We will apply Theorem 2.6 in Case I to N G ((a))/(a) and in Case II to 
C G ((a))/ (a) to see that each is isomorphic to Sym(9). Let N a := N G ((a)), C a := 
C G ((a)), S a := C s (a) £ Sy\ 3 (N a ) and AT : = N a /(a). 

We first restrict ourselves to Case I. Consider C—(Z). If g £ N a and Z 9 = Z, 
then [Z, g] = 1. This is clear since (Z, a) n3,8 C Z. Recall that i inverts Q/Z and so 
by swapping a with some appropriate conjugate from (Z,a), we may assume that 
t inverts a. By Lemma 3.12, \Q n 3^4| = 120 and C G (Z) is transitive on the set. 
We have therefore that \C G (Z) : C CG {z)(a)\ = 120. Hence \C G (Z) D N a \ = 3 5 2. 
Therefore C—(Z) has order 3 4 2 with Sylow 3-subgroup S a and Sylow 2-subgroup 

(I). 
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Now J < C— (Z) and J is elementary abelian of order 27. Consider Z(S a ). 

Since a e N 3 n J, we may apply Lemma 3.11 to say that Z(5 a ) = Z(S a ) = Z 
which has order three. Clearly t commutes with Z but not S a . Thus we may apply 
Lemma 2.7 to see that Cj^(Z) ^ C Sym ( 9 ) ( (1, 2, 3)(4, 5, 6)(7, 8, 9) ). 

So it remains to show that J normalizes no non-trivial 3'-subgroup of N a . How- 
ever this follows from Lemma 3.18. Hence we may apply Theorem 2.6 to see 
that either N a ^ Ng(J) or N a = Sym(9). Thus we use Lemma 3.15 to see 
that iV a = Sym(9). It follows of course that Ca(a)/(a) = Alt (9) and using [1, 
33.15, pl70], for example, we see that the Schur Multiplier of Alt (9) has order 
two. Therefore Ca{a) splits over (a) and so Cg{o) = 3 x Alt(9). To see the 
structure of the normalizer wc need only observe that an involution s inverts J 
and therefore inverts a whilst acting non-trivially on 3 (Cc(a)). Therefore since 
Aut(Alt(9)) = Sym(9), we see that Ng((cl)) is isomorphic to the diagonal subgroup 
of index two in Sym(3) x Sym(9). 

Now in Case II, we consider C— (Z). Arguing as before, if g G C a and Z 9 = Z, 
then [Z,g] — 1. In this case, we conclude from [Cg{Z) : Cc G (Z){ a )\ = 120 that 
\Cg(Z) (lC a \ — 3 5 2 and so C— (Z) has order 3 4 2 with Sylow 3-subgroup S a and 
a Sylow 2-subgroup (r) say, where r is an involution in C G {Z). If [r, S a ] — 1 then 
[r,S a ] = 1. By Lemma 3.18, C Q (r) = 3++ 2 however, QnJ^QnS a ^ C Q (r) 
gives us a contradiction. Thus [r, S a ] ^ 1 and we may again apply Lemma 2.7 
to see that C— (Z) = C Sym ( 9 )( (1, 2, 3)(4, 5, 6)(7, 8, 9) ). Of course we again have 
that J normalizes no non-trivial 3'-subgroup of C a so we may apply Theorem 
2.6 to sec that ~C~ a = Sym(9). It follows then that C G {a) ~3x Sym(9) and 
N G ((a)) S Sym(3) x Sym(9). □ 



4. The Structure of the Centralizer of t 

We now have sufficient information concerning the 3-local structure of G to 
determine the centralizer of t and to show that in one case G has a non-trivial 
2-quoticnt. We set H := C G (t), P := Cj(t) and H := H/(t). We will show that H 
has shape 2^ +8 .(Alt(5) I 2) (possibly extended by a cyclic group of order two) and 
so we must first show that H has an extraspecial subgroup of order 2 9 . We then 
show that H has a subgroup, K, of the required shape and then finally we apply 
a theorem of Goldschmidt to prove that K = H. Along the way we gather several 
results which will be useful in Section 5. 

Lemma 4.1. In Case I, C H (Z) = 3x 2Alt(5) and N H (Z) = 3 : 4- Alt (5) and 
C H (P) = P(t). In Case II, C H (Z) 3 x 2 Sym(5) and N H (Z) = 3 : 4 Sym(5) and 
Ch(P) = 3 2 x 2 2 . Furthermore, \P n 3^| = \P D 3B| = 4 and P e Sy\ 3 (H). 



Proof. By coprime action and an isomorphism theorem, we have that C Ca iz) IQ (t) — 
C CG (z){t)/C Q {t) and C Na{z)/Q (t) = C CN{ z)(t)/C Q (t). By Lemma 3.13, \P\ = 9 
and since P ^ J is elementary abelian, P splits over Z. Thus Cc G (z){t) splits over 
Z by Gaschiitz's Theorem and so Ch(Z) and Nh{Z) are as claimed. 
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Lemma 3.14 gives us that |Pfl3.4| = |Pn3£>| — 4 and then it is immediate that 
N H (P) < N H (Z) and so P G Syl 3 (P). □ 

We fix notation such that P = {1, z\, z\, z 2 , z 2 , oi, a\, a 2 , a 2 .} where zi G 
P n 3B = {z l7 zf,z 2 , z 2 } and Ffl3i= {ai, a 2 , a2, all- 
Lemma 4.2. Let{i,j} = {1,2} £/ienPn0 3 (C G (a;)) = (aj) and N H (P)/C H (P) = 
Dih(8) acts transitively on 3A fl P and 3fi PI P. 

Proof. By Lemma 4.1, |Pn3.4| = \Pn3B\ = 4 and so it is clear that N H (P)/C H (P) 
is isomorphic to a subgroup of Dih(8). Observe that every element of order three 
in 3 (CG(a,i)) = Alt(9) or Sym(9) is conjugate to its inverse. Therefore an element 
in 3 (Cc(ai)) inverts Pfl 3 (C G (ai)) and so we must have that element inverting 
dj and permuting (z\) and (z 2 ). Thus P C\ 3 (Cc(ai)) = (aj). Furthermore an 
element of order four in Nh{Z) inverts Z whilst centralizing P/Z. Hence an element 
in Nh(Z) permutes (ai) and (a 2 ). We have that s inverts P and so we have that 
N H (P) is transitive on 3.4 n P and 3B n P. □ 

Lemma 4.3. Let {i, j} = {1, 2}. 

(i) The image in 3 (Co(ai)) of elements of cycle type 3 and 3 2 are in 3A and 
those of cycle type 3 3 are in 3B. In particular, aj G Pfl 3 (C<3(aj)) has cycle 
type 3 2 . 

(ii) t has cycle type 2 4 and is not G-conjugate to involutions of cycle type 2 2 in 
()■■:( \;io, ll . 

(Hi) In Case II when 3 (Cc(ai)) = Sym(9), even involutions are not G-conjugate 
to odd involutions. 

Proof. We have that C G (a 4 ) ^ 3 x Alt (9) or3xSym(9) and so \Pn0 3 (C G (a l ))\ = 3. 
Consider representatives for the three conjugacy classes of elements of order three 
in Alt (9). An element of cycle type 3 must clearly be in 3 A and an element of cycle 
type 3 3 is the cube of an element of order nine and so by Lemma 3.10 must be in 
3B. Consider now the image of P H 3 (C<3(oi)) (which we have seen is equal to 
(aj)) in Alt(9). If it is conjugate to ((1,2,3)) then P commutes with a subgroup 
isomorphic to 3 x 3 x Alt (6). However z G P and Cg(z) has no such subgroup. So, 
since elements of cycle type 3 3 are in 3B, we must have that the image in Alt(9) of 
PC\0 3 (C G {ai)) is conjugate to ((1, 2, 3) (4, 5, 6)). 

We see easily that the image of t is an even permutation since when 3 (Ca(ai)) = 
Sym(9), the odd involutions commute with a group of order nine and so in Ca(di) 
they centralize a group of order 27. Let r be an involution of cycle type 2 2 . Then 
r commutes with a single three cycle x say in 3 (Ca(ai)). Thus r G Cg((ch,x)) = 
3 2 x Alt(6) or 3 2 x Sym(6). Clearly then (a i; x) # C 3.4 and so r commutes with 
no conjugate of Z . Thus r is not G-conjugate to t. 

Now suppose we are in Case II and so 3 (CG(ai)) = Sym(9). Continue to let 
r G CG((di,x)) = 3 2 x Sym(6) have cycle type 2 2 . There is an element of order 
four / in Cg((ch, x)) which squares to r. Hence for every y G (ai,x), f G Cq(v) 
and so the image of r in 3 (Cc(y)) is an even involution and thus of type 2 2 . Thus 
C G (r) fl Cc(y) has Sylow 3-subgroups of order nine. It follows that Cq(t) has 
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Sylow 3-subgroups of order nine. Now any odd involution in 3 (Cc(ai)) commutes 
with a group of order 27 and so r is not G-conjugate to any odd involution in 
3 (C G (a t )). □ 



Set 2A to be all G-conjugates of an involution whose image in 3 (Gg(oi)) has 
cycle type 2 2 and 2B = {t 9 \g E G}. We now introduce some further notation 
by first fixing an injective homomorphism from No({ai)) into Sym(12) such that 
3 (C G (a l )) maps into Sym({l, .., 9}) and a; maps to (10,11,12) ({i,j} = {1,2}). 
We define subgroups and elements of G by their image. 

Notation 4.4. Let {i,j} = {1,2}. 



• at h-> (10,11,12). 

• a,j i — y (1,3,5)(2,4,6). 

. t^(l,2)(3,4)(5,6)(7,8). 

. Q t i V ((1, 2)(3, 4)(5, 6)(7, 8), (1, 3)(2, 4)(5, 8)(6, 7), (1, 5)(3, 8)(2, 6)(7, 4), (1, 2)(3, 4), (3, 4)(5, 6)). 
. ri->(l,3)(2,4). 

. When i = l,Q 1 >E^((l, 2)(3, 4)(5, 6)(7, 8), (1, 3)(2, 4)(5, 8)(6, 7), (1, 5)(3, 8)(2, 6)(7, 4)) . 

• When i = 2, Q 2 3 u h-> (1,2)(3,4) and Q 2 > F i-> ((1, 2)(3, 4), (3, 4)(5, 6)). 



We observe the following by calculating directly in the image of Ng({(h)) in 
Sym(12). 

Lemma 4.5. (i) In Case I, Cniai) ~ 3x (2 1 + 4 : Sym(3)). In Case II, C H (ai) ~ 
3 x (2 1 ) +4 : (2 x Sym(3))). In either case, Q- L = 2 1 ) +4 is normal in Cnicii) with 
Ti E C H {a.i)\Qi. 

{ii) 2 x 2 x 2 = E < H n0 2 (G G (ai)) and there exists GL 3 (2) = G sC G G (ai) such 
that a 2 E G and C is a complement to Cc G { ai ){E) in N Ca ^ ai ^(E). Further- 
more, N G (E)nC G (P) = (t,P). 

(Hi) If (t) < V < Qi such that V < Ch{o-i) then V is elementary abelian. 

(iv) C CH(ai) {Qi) = (t,di). 
(v) C CH(ai) (E) = (E,a 1 ). 

(vi) s,t, st E 2B. 



Proof. These can mostly be checked by direct calculation in the permutation group. 

To prove (vi) we observe that having fixed the image of aj we see that the image 
of Jn0 3 (GG(&i)) is ((1,3, 5), (2, 4, 6), (7, 8, 9)) and since s inverts J we may assume 
the image of s is Gc(ai)-conjugate to (1, 3)(2, 4) (7, 8)(10, 11). Thus it becomes clear 
that s is conjugate to st. Now by Lemma 3.4 (vi), t is conjugate to st and therefore 
to s also. □ 



For the sake of simplifying language in the following lemma, we define the follow- 
ing for g E G, VL P (g) := {M < C H (g) \ (|M|,3) - 1, [M,P] M, C M (P) < (t)}. 

Lemma 4.6. Let i E {1, 2}, VL P (zi) = {1, (t),Ai, where A { = B { = 
mathrmQ(8) are distinct 2-subgroups of Cc(zi) with zj E (Ai,F>i) = Ch(zi) 1 — 
2-Alt(5). Meanwhile, M E Vlp(a t ) only if M < Qi. 
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Proof. Wc have that C H (a t ) ~ 3 x 2 1 f + 4 : Sym(3) or 3 x 2^ A : (2 x Sym(3)) which 
are subgroups of 3 x Alt(9) and 3 x Sym(9) respectively. It is clear in the first case 
that if M is any normal 3'-subgroup of Ch(ch) then M ^ Qi. In the second case 
we must check within our permutation group that any such M with Cm{P) ^ (t) 
must satisfy M ^ Qi. 

We have that C H {zi) = 3 x 2Alt(5) or 3 x 2 Sym(5). Let M be a 3'-subgroup 
of Cn(zi) that is normalized by P. It is clear that 5 { \M\ so M must be a 2- 
group. Now Cn(zi) has Sylow 2-subgroups isomorphic to Q(8) or SDih(16). Since 
C M {P) ^ (t), wc must have that M (i) or M ~ Q(8) and MP ~3x SL 2 (3). 
Notice that P is involved in precisely two subgroups of Ch(zi) isomorphic to MP = 
3 x SLi2(3). We define Ai and Bi to be the two distinct 2-radical subgroups. It 
then follows that (Ai, Bi) — Cnizi)' = 2 Alt(5) and since an element of order four 
centralizes Zi and inverts P fl (Aj, Pj), we must have that Zj G P fl (Aj, Pj). □ 

We continue the notation for the P-invariant subgroups from the previous lemma. 
The subgroups {A i} Bi} and Qj for i, j G {1,2} play key roles in this section as our 
building blocks for H . 

Lemma 4.7. Let {i,j} — {1,2}. The following hold. 

(i) Nh(P) H Cuio-i) acts transitively on the set {(zi), (^2)}- 
(ii) Nh(P) n Cn(zi) acts transitively on the set {(<xi), (02)}- 

(Hi) Nh(P) acts as Dih(8) on {A\, Pi, A2, B 2 } with blocks of imprimitivity {Ai, Bi}. 
In particular, Nh{P) H Nh((ch)) acts transitively. 

Proof. By Lemma 4.2, N H (P)/C H (P) ^ Dih(8) and N H (P) is transitive on Pn3^ 
and P fl 3£> which both have order four and so (i) and (ii) are clear. 

Now by Lemma 4.6, Nh(P) acts imprimitively on the set {A\, B\, A2, B 2 } swap- 
ping {A U B{\ with {A 2 ,B 2 }. Recall that N H ((z 2 )) - 3 : 4- Alt (5) or 3 : 4 Sym(5). 
In either case an element of order four, g say, inverts z 2 whilst centralizing (A 2 , B 2 ). 
Therefore g G Ch(zi). This element necessarily permutes A\ and Pi since Sylow 
2-subgroups of Ch(Z) are either quaternion of order eight of semi-dihedral of order 
16. Thus Nh(P) acts transitively and imprimitively on {A\, Pi, A 2 , B 2 } and con- 
tains a tranposition and so (iv) follows. If the subgroup Nh(P) H Nn((ai)) acts as 
a non-transitive subgroup of Dih(8) then it preserves each {Ai,Bi} but therefore 
normalizes (z\) and (z 2 ) which we have seen is not the case and so we have (Hi). □ 

The following lemma is a key step in determining the structure of H since it 
proves that H contains a subgroup which is extraspecial of order 2 9 . 

Lemma 4.8. Let {i,j} = {1,2} then Q t n Q, = (t) and Oy(C G (Q l )) = Qj. In 
particular (t) is the centre of a Sylow 2-subgroup of G and Q\Q 2 = 2 1 f +8 with 
Cg(OiQ 2 ) = (t) and C QlQ2 {zi) = (t). 

Proof. Let {i,j} — {1,2}. Recall Lemma 4.5 (iv) which says that Cc H ( ai )(Qi) = 
(t,a,j). Therefore Cjj(Qi) has a self-centralizing element of order three and so we 
may use Theorem 2.5. 
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Notice also that (a*) G Syl 3 (CG(Qi)) and N H (P) fl Afe ((a,)) normalizes Cg{Qi)- 
By Lemma 4.7 (m), N H {P) n N H {{a,i)) is transitive on {Ai, ^4 2 , Pi, P2}. Thus no 
group from this set commutes with else we would have zi G (A 2 , P2) < Cc{Qi) 
which is a contradiction. 

Set N = Oy(Co(Qi))- Then AT is normalized by P and by the comment above 
we see that Cn{z\) — Cn(z 2 ) = (t). Moreover Cn{ch) = (t) and so by coprime 
action we have, 

N = {C N (z 1 ),C N (z 2 ),C N (a 1 ),C N (a 2 )) =C N ( aj ). 

By Lemma 4.6, since Cn(P) ^ (t), we have that TV ^ Qj. Suppose that (t) < 
N < Qj. Since dj acts fixed-point-freely on N/{t), \N\ = 2 3 . By Lemma 4.5 (iii), 
N is elementary abelian. Now by Lemma 4.5 (vi), s is conjugate to t in G. Recall 
Lemma 3.20. This, together with the fact that P — (a\,a 2 ) G Syl 3 (P), implies 
that for k 6 {1,2} there exists a P-invariant subgroup Q(8) = Xk ^ Cji(ak) with 
[Xi,X 2 ] = 1. Now by Lemma 4.6, Xi ^ Qi and Xj ^ Qj. We have that Xj 
and N are both P-invariant and furthermore we have that Xj = Q(8) where as 
TV is elementary abelian. Therefore \Xj n 7V| = 2 and so Qj = NXj. Similarly, 
Qi = 2 {Cg{Q j))Xi. Therefore Xj commutes with Qi which is a contradiction. 

So we have that either N — Qi or N — (t). Assume the latter for a contradiction. 

In Case I, we have that Na((ai)) is the diagonal subgroup of index two in 
Sym(3) x Sym(9). It follows that Cc{Qi) has a self-normalizing Sylow 3-subgroup 
and so a normal 3-complement. Therefore, Ca(Qi) = N(a,i) = (t) x (a.j). Hence 
NaiQi) ^ Nc{{di)) has Sylow 2-subgroups of order 2 7 isomorphic to a Sylow 2- 
subgroup of Sym(9). We check that Qi is characteristic in such a 2-group to see 
that Nc((di)) contains a Sylow 2-subgroup of G. Therefore there exists g £ G such 
that A\ G Nc((a,i)). However, using Lemma 3.16 we now get a contradiction since 
no element of order four in A\ commutes with an element of 3A Thus in Case I 
we have that O^^CciQi)) — Qj- 

In Case II we instead have that Nc((a,i)) = Sym(3) x Sym(9) and using Theorem 
2.5 we see that C G (Qi)/{t) = Alt (5), PSL 2 (7) or Sym(3). Notice that an element 
of order three in P must therefore commute with Co{Qi)- That element must be 
in (cij). However, t G Cc(cij) and it follows from Lemma 4.3 that t is 2-central in 
Cg(oj) — 3 x Sym(9). A 2-central involution in Sym(9) does not commute with 
subgroups isomorphic to Alt(5), PSL 2 (7) or their double covers. It follows that we 
must have Cc(Qi)/ '(t) = Sym(3). We now again have that Na{Qi) is contained in 
Ncddi) and we get a contradiction as before. 

Hence we have in both cases that N = Qj and also that CciQij/N acts faithfully 
on N/(t). So [Qi,Qi] = 1 and furthermore Qi fl Q 2 ^ Cq 1 (Q\) = (t) and so we 
get that QiQ 2 S 2^+® and clearly C QlQ2 (z t ) = (t). Now let Q X Q 2 < T G Syl 2 (G) 
then Z(T) < C T (<3i<3 2 ) ^ C T (Qi) n C T {Qi). Since C G {Qi)/N acts faithfully on 
N/(t), it is clear that C T (Qi) n C T (Q 2 ) = (t). Hence Z(T) = C G (QiQ 2 ) = (t). □ 

Set Qi 2 := QiQ 2 = 2^ s and recall that in Notation 4.4 we defined E < Cc(ai) 
such that t G P < Ch{o-i) is elementary abelian of order eight. We now consider 
C G (E) and Ng(E). 
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Lemma 4.9. (i) We have that C G {E) / 2 {C G {E)) ~ C 3 m Case I and C G (E)/0 2 (C G (E)) = 
Sym(3) in Case II. 

(ii) Without loss of generality (on choices of Ai ) we may assume that C>2{C G {E)) = 
{E,Q 2 ,A\,A 2 ) which is normalized by P. 

(Hi) N G (E)/C G (E) = GL 3 (2) where the extension is split and there is a comple- 
ment to C G (E) in Ch (di) containing a 2 . 

(iv) (Q12, A\,A 2 ) is a 2-group which is normalized by P. 

Proof. By Lemma 4.5 (v), Cc H < ai ){E) = {E,ai} and so C G (E) /E satisfies Theorem 
2.5. Set N = Oy(C G (E)) then C N (ai) = E and a x acts fixed-point-freely on N/E. 
A theorem of Thompson says that A/ E is nilpotent and therefore N is nilpotent. By 
Theorem 2.5, C G (E)/N C 3 , Sym(3), Alt(5) or PSL 2 (7) (in which case A = E). 
Also by Lemma 4.5 (ii), there exists a complement to C G (E) in N G (E) which in 
particular is a subgroup of Ch{o-i) containing a 2 . 

Since P normalizes N, we may apply coprime action to see that 

A = (C N ( Zl ), C N {z 2 ), C N ( ai ),C N (a 2 )}. 

Since Cm{P) ^ C E (a 2 ) = (t), we use Lemma 4.6 to see that A is generated by 
2-groups and as A is nilpotent, A is a 2-group. 

We have that E < Qi and by Lemma 4.8, [Q\,Q 2 ] — 1 and Qi (1 Q 2 — (t) so 
Q 2 DE = (t) and Q 2 DN > (t) and so has order 2 3 or 2 5 . Notice also that this implies 
that N does not split over E. Let g £ N G (E) n C G (a\) be an element of order 
seven. Then g acts fixed-point-freely on E. If [N/E,g] = 1 then A = Cn (g) x E 
which is a contradiction. Thus [N/E,g] ^ 1 and so \N/E\ ^ 2 3 . Since a\ acts 
fixed-point-freely on N/E and preserves [N/E,g], we have \ [N/E, g]\ ^ 2 6 . 

If z\ and z 2 act fixed-point-freely on N/E then A = Q 2 E and so \N/E\ = 2 2 
or 2 4 which we have seen is not the case. Therefore at least one of Cn/e( z i) an d 
Cn/e(z 2 ) is non-trivial. Since E < Ch{&i) we may apply Lemma 4.7 (i) which says 
that Nh{P) n Cfl-(ai) acts transitively on the set {(z\), (z 2 )}- Therefore C N / E (zi) 
and C N / E (z 2 ) are both non-trivial. So we may assume, without loss of generality, 
that A x < A and A 2 ^ A and so A = (E,Q 2 P\N,A 1 ,A 2 ). 

Now suppose that C G (E)/N Alt(5). Since N G {E)/C G {E) ^ GL 3 (2), we have 
that N G (E) = Alt (5) x GL 3 (2). We have that Na 2 is an element of order three 
in N G (E)/N and C NG i E \/ N (Na 2 ) contains a subgroup isomorphic to Alt(5). By 
coprime action, 

C NG (E)/N{a 2 ) = C NG{E) {a 2 )N/N = C Na ( E) {a 2 ) /C N {a 2 ) 

which is a 2-group of order 8 or 32 extended by Alt (5) which does not exist in 
Sym(9). Hence C G (E)/N = Sym(3) or C 3 and it follows that A = {E,,A U A 2 ). 
Additionally since Qi normalizes E and so normalizes A, we see that (Q12, A\, A 2 ) 
is a 2-group which is clearly normalized by P. □ 

We continue the notation from this lemma for the rest of this section such that 
A\ and A 2 commute with E. Set K := N G {Qi 2 ) < H. We show in the rest of this 
section that K = H. 
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Lemma 4.10. (i) N H (P) ^ K and \N H (P)Q\2/Qu\ = 3 2 2 3 in Case I or 3 2 2 4 
in Case II. 

(ii) Suppose that v £ K such that Q\ 2 v is an involution which inverts Q\ 2 Zi for 

some i e {1,2}. Then Oq^(v) = [Q\ 2 , v] has order 2 4 . 
{in) Cg^At) + C Qv2 (A 2 ). 
(iv) Fori e {1,2}, C H (a t ) K. 

(v) Fori e {1,2}, C H (zi)^K. 

(vi) (Ai,Bi) commutes with (A 2 , B 2 ) modulo Q 12 and in particular, (Ax, A 2 )Q 12 / 'Q\ 2 = 
2 4 . 

Proof, (i) First observe that Nh(P) acts on the set {ai, a 2 , a\, a 2 } = Pfl 3„4 and 
therefore it preserves Q\ 2 — Q\Q 2 so Njj(P) ^ K. Clearly Nq 12 (P) commutes 
with P and (t) < Cq 12 (P) ^ Qi R Q 2 = (t) so the order of the quotient is clear 
given Lemmas 4.1 and 4.2. 

(ii) Observe that Q\ 2 is elementary abelian and Qi 2 v has order two and in- 
verts Qi 2 ~Zi which has order three. Therefore we may use Lemma 2.15 and since 
\C-Q-^(zi)\ = 1, we have that \Cq^(v)\ < 2 4 . Of course we always have that 
\Cq^(v)\ ^ 2 4 and so we get equality. 

(Hi) Suppose that C Ql2 (A 1 ) = C Ql2 (A 2 ). Recall that N H (P) ~ 3 : 4- Alt (5) acts 
as Dih(8) on {A\, B\, A 2 , B 2 }. Therefore there exists g e Njj(P) permuting A\ 
and Bi and fixing A 2 and B 2 . Hence 

C Ql2 (Ai) = C Ql2 (A 2 ) = C Ql2 (A 2 y = Cq^A.Y = C Qia (Bi). 
Therefore E ^ Cq 12 (A\) = Cq 12 ((A\, B\)) ^ Cq 12 (z 2 ). This is a contradiction. 

(iv) This is clear since Ch(ch) = QiN ClI ( a .)(P) and so Ch(ch) ^ K. 

(v) By Lemma 4.9, T := (Q\ 2 , A±, A 2 ) is a 2-group which is normalized by P. 
We consider Nt(Qii) ^ K. Since T is normalized by P, we apply coprime action 
to see that 

N T (Q 12 ) = (C NAQl2) (r) |reP#>. 
We have that T < N G (E) and by Lemma 4.5 (ii), C T (P) = (t) and so we 
may use Lemma 4.6. Since Qi 2 is normalized by Nh(P) which is transitive on 
{Ai, Bi, A 2 , B 2 } (by Lemma 4.7 (iii)), it is clear that Ai Q\ 2 . Thus N T (Qi 2 ) > 
Q\ 2 . Now we use Lemma 4.6 to see that for j G {1,2} Cjv T (Q 12 ) (%) = Qj and 
to see that for some i £ {1,2}, C^ T (Q 12 )(zi) e {Aj,Pj}. However we again apply 
Lemma 4.7 (iii) to see that since one of Ai or Bi is in K and Nh(P) ^ K is 
transitive on {A 1 ,B 1 ,A 2 ,B 2 \, (Ai,B x , A 2 ,B 2 ) < if. Moreover, C/r(P) < if and 
so for i e {1,2}, (A l ,B l ,C H (P)) = C H (zi) < K. 

(vi) Let if := K/Qi 2 Since T = (Ai,A 2 ) is a 2-subgroup of K. We apply the 
same coprime action arguments again to T and Z(T) to see that T is elementary 
abelian of order 16. Thus L4i, ^2] — 1- However we have seen that we can choose 
an element of order four g 6 Nq(Z) that fixes A 2 whilst permuting {Ai, Pi}. Thus 
l 9 = [Ai, A 2 ] 9 = [Bi, A 2 \. So [(Ai,Bi),A 2 \. Repeating these arguments we get to 
[(A 1 ,B 1 ),(A 2 ,B 2 )} = 1. □ 

Lemma 4.11. Set D = (N H (P),C H (p) \ P e P*). 
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(i) In Case I, D/Q12 is isomorphic to Alt(5) ?2. In Case II, D/Q12 is isomorphic 

to a subgroup o/Sym(5) I 2 of shape (Alt(5) i 2). 2. 
(ii) A Sylow 2-subgroup of D/Q12 has a unique elementary abelian subgroup of 
order 16. 

(Hi) If If Q 12V is an involution in {DQvi)' IQn — Alt (5) x Alt(5), then either v 
has order four and squares to t with Ch(v) containing a conjugate of Z or 
Q12V is diagonal in which case v G 2B and [Q12, v] = C-q^(v) has order 2 4 . 

Proof. Set K = K/Q 12 then D = (A^,A^ 2 ,Ih,Ih,N^(P)}. We have seen that 
(Ai,A 2 , P>i, B 2 ) is isomorphic to Alt (5) x Alt(5). It is normalized by Njf(P) which 
has order 3 2 2 3 or 3 2 2 4 by Lemma 4.10 (i). Thus we have that cither D ~ (Alt (5) x 
Alt(5)).2 which in fact is isomorphic to Alt(5) I 2 since an element in Nh(P) swaps 
(Ai, Bi) and (A 2 ,B 2 ). Otherwise we have that D ~ (Alt (5) x Alt(5)) : (2x2). Note 
that D is a subgroup of the automorphism of Alt (5) x Alt (5) otherwise (Cq(P), A\) 
contains an abelian subgroup of Cq(Z) of order 2 3 which is not possible. So D is 
an index two subgroup of Sym(5) I 2. It is not isomorphic to Sym(5) x Sym(5) as 
an clement in Njj(P) swaps (Ai,B\) and (A2,B 2 ). It remains to calculate in the 
remaining two groups that a Sylow 2-subgroup has a unique elementary abelian 
subgroup of order 16. This proves (i) and (ii). 

Now D' has two conjugacy classes of involutions: diagonal and non-diagonal. If v 
is an involution in D' then it inverts a conjugate of z\ and therefore by Lemma 4.10 
(ii), C-q^(v) — [Q12, v] has order 2 4 . Moreover Q12V is an involution and by Lemma 
2.16, every involution in Q\ 2 v is conjugate to v. Thus if w = v the v is conjugate 
to w or to tw. We may choose an element of order four, fa G (A i} Bi)) n Nh(P) 
with ff — t. Then fi represents every non-diagonal involution in D'. Now /1/2 
is a diagonal involution and /1/2 G Nh(P). In fact fif 2 is in Nh(Z) and inverts 
P. We can see in Nh({o,i)), for example, that no element of order four inverts P 

and so /i/ 2 is an involution. Moreover, (f 1 f 2 ,Ai,B 1 ) = (f 2 ,Ai,B 1 ) = 2 x Alt(5) 
so (/i/2,Ai,Bi) = 4 Alt(5). It therefore follows from Lemma 3.12 that fif 2 is 
conjugate to s. Thus if v is an involution in D' then v is either an element of order 
four conjugate to fi or ff or is conjugate to s or st and so in 2B which proves 
(Hi). □ 

Lemma 4.12. Assume that we are in Case I. For V < E such that t G V = 2 x 2, 

C G (V) ^ (C H (p)\ P eP#). 

Proof. Notice that E = (t) x [E,P] and that the image of [E,P] in (9 3 (C G (ai)) is 
((1,5)(2,6)(3,8)(4,7), (1, 8)(2, 7)(3, 5)(4, 6)}. Since we are in Case I, we have that 
Nc((ai)) is the diagonal subgroup of index two in Sym(3) x Sym(9). We calculate 
the centralizer in Sym(9) and Alt(9) of such a fours group to see it has order 32. 
Thus Cg([E, P]) has a Sylow 3-subgroup (ai) with centralizer (E,ai) equal to its 
normalizer. Hence Cg([E, P]) has a normal 3-complement, N say. It is clear that N 
is normalized by P with Cn(P) = (t) and contains (Cq 1 ([E, P]), Q 2 , A\,A 2 ) which 
has order 2 12 . Now by coprime action, N = (Cn(cli), CAr(a 2 ), Cjy(zi), Cn(z 2 )). It 
is clear that for i G {1, 2}, Ai is a maximal 3'-subgroup of Ca{zi) so Cjv(^i) = Ai. 
Also Q2 is a maximal 3'-subgroup of CG(a 2 ) normalized by P and we have calculated 
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that \C N {ai)\ = 32. Thus N = (C N (ai),0 2 (C G (E))). Now N G (E) is transitive on 
fours subgroups of E but normalizes 02(C G (E)) and so there exists g £ C G {ai) such 
that t £ V = [E,P}9 and so W = Oy (C G (V)) with N° = (C N9 (a 1 ),0 2 (C G (E))} 
and we sec that C G (V) ^ (C H (p) \ P £ P*). □ 



Lemma 4.13. (i) K has a subgroup Kq such that -K0/Q12 = Alt(5) I 2 acts 
faithfully on Qi2- 

(ii) Every involution in Q\2 is in 2A U 2B and Kq is transitive on Q 12 fl 2A and 

on (Qi2\(t)) H 2B. The orbit lengths are 120 and 150 respectively. 
{Hi) Diagonal subgroup of K isomorphic to Alt(5) either centralizes a subgroup 
of Q12 isomorphic to C4 x C'2 containing an involution in 2A or contain an 
element of order five acting fixed- point- freely on Q\2- 

In particular, in Case I, Kq = K . 



Proof. Again we set K = KjQ\2- We have seen in Lemma 4.3 and Notation 4.4, 
that Qi contains non-conjugate involutions from 2A and from 2B. We have seen 
that K has a subgroup, Kq say, such that Kq is isomorphic to Alt(5)?2. We consider 
the action of this group on Qi2- The action is clearly faithful as C G {Q\2) = (t). 

Now for {i,j} — {1,2}, = Alt(5) acts on Qi 2 with an element of order 

three, Zj, acting fixed-point-freely. It therefore follows that Q12 is a sum of two 
natural GF(2)Alt(5)-modules. In particular, an element of order five in (Ai,Bi) 
acts fixed-point-freely on Qi 2 . 

Now Kq contains two further conjugacy classes of subgroups isomorphic to 
Alt(5); the diagonal subgroups. One of these lies in a Sym(5) the other in an 
Alt(5) x 2 and furthermore Kq contains two further conjugacy classes of sub- 
groups of order five. Let F be a Sylow 5-subgroup of Kq then by coprime action 
Q12 = (Cqi 2 (/) : / <= F#). Since C G (Qi 2 ) = (t), no element in F acts trivially. 
However F has six subgroups of order five and for one of these, (/) say we must have 
(t) < C Ql2 (f) < Q12 and Q 12 = [<2i2,/]C Ql2 (/) where [Q 12 , f] and C Ql2 (f) are 
both extraspecial and intersect at (t). Moreover, for any other element /' G F\{f) 
we have that Cq 12 (/') n Cq 12 (/) = (t) so Cq 12 (/) has an automorphism of order 
five. Of course [Q12, f] has an automorphism / of order five also. It follows that 
CQi2(/) — [Q12, f] — 2 1 l +4 . Moreover, exactly two of the subgroups of F of order 
five act non-trivially on Q12 and so it follows that one class of diagonal Alt(5) 
subgroups of Kq contain such an element of order five and the other contains a 
fixed-point-free element of order five. 

Recall that E sC Qi commutes with (A\, A 2 ) so consider an involution, v say in 
E distinct from t. Suppose that v is fixed by an element of order five as well as 
(Ai,A 2 ) in Kq. Then it follows that C^(v) contains Kq which is a contradiction. 

Thus v lies in a -Ko-orbit which is a multiple of 25. Clearly v does not commute 
with P and so v lies in an orbit which is a multiple of 3. Also v is conjugate to vt 
in Q12 and so \v Ka \ ^ 150. 



28 



SARAH ASTILL 



Now, let D be a diagonal subgroup of Kq isomorphic to Alt (5) and let F be 
a Sylow 5-subgroup of D. We choose D such that Qi 2 a 2 generates a Sylow 3- 
subgroup of D. Note that F acts non-trivially on a subgroup of Q12 of order 2 4 and 
that [Q 12 ,F] £ 2l+ 4 £ 2^+4 = [Qi 2 ,a 2 ] = Q x . In fact |[Qi 2 ,.F] n Qi| < 2 3 because 
[Q12, F] is centralized by an element of order five. Thus, if \[Qi2, F] C\Qi\ — 2 4 then 
\[Qi2, F]DE\ — 2 2 but we have seen no element of E\(t) commutes with an clement 
of order five. Thus, \[Q 12 , F] nQi| s$ 2 3 . Now suppose that \C Ql2 (F)nC Ql2 (a 2 )\ = 
\Cq 12(F) n Q 2 \ =4 then, as a D-module, Q12 has no submodule which is a sum 
of two trivial modules. However this implies that ((Q12, F], Q\) is a sum of a 4- 
dimcnsional and a trivial module and so has order 2 5 however that means that 
\[Qi2,F] n Qi| ^ 2 4 which is a contradiction. Thus \C Ql2 (F) C\Q 2 \ = 8 (it can be 
no larger without containing a conjugate of v € E\{t}). Since 2 1 i +4 has 2-rank 2, 
Cq 12 (f 1 ) H Q2 has two rank at most 2. If it had 2-rank 1 then it would necessarily be 
isomorphic to Q(8). However, Q 2 has just two subgroups isomorphic to Q(8) both 
of which are normalized by a\. Any subgroup of Cq 12 (F) n Q 2 normalized by a\ is 

normalized by (ai, D) = Kq which is again a contradiction. Thus Cq 12 (F) n Q 2 — 
4x2. This implies that an involution in Q 2 \(t) is centralized by D. Call this 
involution w and observe that w v K ° . Now K acts faithfully on Q\ 2 and so 
C^ o (w) = D or is a maximal subgroup of K of shape 2 x Alt(5) or Sym(5). In 

particular, w lies in a _Ko-° r bit of length a multiple of 60. Thus \w Ka \ ^ 120. 
Now Q12 has 270 involutions and so every involution lies in v K ° U w K ° . Since Qi 2 
contains representatives from 2A and 2B we must have that w Ka — Q\ 2 n 2A and 
v Ka - O12 n 2B. 

Finally, in Case I, by Lemma 4.11, Kq contains Ch(p) for each p e P# and by 
Lemma 4.12, an involution in Qi 2 \(t) has centralizer contained in K so we may 
conclude that K = K - □ 

Lemma 4.14. Nh(E) ^ K and contains a Sylow 2-subgroup of G. In Case I, a 
Sylow 2-subgroup has order 2 14 . In Case II, it has order 2 15 and is self-normalizing 
with derived subgroup contained in Q\ 2 A\A 2 . 

Proof. It follows from Lemma 4.9 that Cq(E) < K. So we consider Nh(E). 
By Lemma 4.9, there exists a complement, C, to Cq(E) in Nq(E) such that 
C ^ C G (ai). Now, by Dedekind's Modular Law, N G {E) n H = C G (E)C n H = 
C G (E){C n H). Furthermore, Sym(4) = C D H ^ C H (a\) ^ K by Lemma 4.10 
(iv). Thus N H (E) ^ K. 

In Case I, we have seen that K/Q\ 2 = Alt(5) \2 and so K has Sylow 2-subgroups 
of order 2 14 . To see these are Sylow 2-subgroups of H we must show that Q\ 2 is 
characteristic in any such. First we consider Case II. 

We have seen in Lemma 4.9 that 2 (C G {E)) = (E,Q 2 , A u A 2 ) an&C G {E)/0 2 (C G {E)) 
Sym(3). We have seen also that A\ and A 2 commute modulo Q\ 2l however it is 
clear that they must in fact commute modulo EQ 2 . Thus \0 2 (Cc(E))\ — 2 11 and 
\N H (E)\ = 2 15 3 2 . Since N H (E) normalizes Q 12 , it is clear that Q 1 Q 2 A 1 A 2 <N H {E) 
and has order 2 13 . It follows that Q\ 2 A X A 2 = 2 (N H (E)) and since C fl H is 
complement commuting with a\, we additionally see that Nh(E)/0 2 (Nh(E)) = 
Sym(3) x Sym(3). 
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Now set K = K/Q 12 and consider M := N K (Qi2A 1 A 2 ) ^ N H (E). This has P 
as a Sylow 3-subgroup. We have seen in Lemma 4.7 (in) that Nh(P) acts as Dih(8) 
on {Ai, Bi, A 2 , B 2 }. Thus the subgroup of Nh{P) which preserves {Ai,A 2 } has 
index four. Using Lemmas 4.1 and 4.2 we therefore see that \Nm(P)\ = 3 2 2 3 . We 
have, using Lemma 4.1, that a Sylow 2-subgroup of Ch(P) is elementary abelian 
and if an involution, r say, in Ch(P) normalizes A\ and A 2 then it must be in 
A\ and A 2 otherwise (A\,r) is a 2-subgroup of Cq(Z) normalized by P which is 
not possible. Thus Cm{P) = (t). Now we may apply Lemma 4.6 together with 
coprime action to argue that Q\ 2 A\A 2 = Oy(M) and so A\A 2 = Oy(M). Now 
\N-gr(P)\ = 3 2 2 2 with elementary abelian Sylow 2-subgroups (as seen in Nh(E)). 
We also see that C M (p) ^ N M (P) for anyp e P*. Thus M /%A 2 satisfies Theorem 
2.4 and we may conclude that M j A\A 2 has a normal Sylow 3-subgroup. Thus 
M = Qi 2 A 1 A 2 N M (P) = N H (E). Let T be a Sylow 2-subgroup of N H (E). Then 
T is a Sylow 2-subgroup of the subgroup D in Lemma 4.11 and therefore A\A 2 is 
characteristic in T. Hence T is a Sylow 2-subgroup of K and has order 2 15 . 

We now show that in both Cases I and II that if T e Sy\ 2 (Nn (E)) then Q 12 is 
characteristic in T to conclude that T is a Sylow 2-subgroup of H. We continue 
the notation that K = KjQ\ 2 and use Lemma 2.12 by considering the action of T 
on Q\ 2 . Now any involution in A\A 2 inverts a conjugate of Z and so by Lemma 
4.10 (ii) has centralizer of order 2 4 in Q\ 2 . Now if R is any elementary abelian 
normal subgroup of T then R n A\A 2 has order at least two and so for R of order 
2, 4, 8 we have satisfied the requirements of Lemma 2.12. It remains to check that 
if \R\ = 2 4 then \Cq^(R)\ ^ 2 3 . However we have seen in Lemma 4.11 that such 

an R must be conjugate to A\A 2 and now we may use Lemma 4.10 (Hi) to see 
that C-q^(Ai) 7^ C-q^(A 2 ) and since each C-Q^(Ai) has centralizer in Q\ 2 of order 
at most 2 4 , we can conclude that \Cq^(AiA 2 )\ < 2 3 . Hence Lemma 2.12 gives 
us that <5i2 is characteristic in T and since T £ Sy\ 2 (Nc(K)), we must have that 
T £ Sy\ 2 (H) and then by Lemma 4.8, T £ Syl 2 (G). 

Finally it is clear that T' ^ Q\ 2 A\A 2 and since Q\ 2 is characteristic in T, 
N G (T) < K and therefore, %A 2 char f < N^(T). Thus Nq(T) < iV H (^) and so, 
in Case II, is self-normalizing as claimed. 

□ 

Lemma 4.15. In Case II, G has proper normal subgroup G which satisfies the 
hypotheses in Case I. 

Proof. In Case II we have that 3 (Cg(o,i)) = Sym(9). We choose an involution, 
r say, in 3 (Cc(ai)) whose image is the transposition (7,8) and so r is in the 
subgroup of K described in Lemma 4.11. Let T be a Sylow 2-subgroup of N H (E). 
Then by Lemma 4.14, T £ Syl 2 (G) and T < Q\ 2 A X A 2 . Now, using Lemma 4.11 
(Hi) and Lemma 4.13, we see that every involution in T' lies in 2A U 2B. By 
Lemma 4.3, r is not in 2A or 2B and so no G-conjugate of r lies in T'. Now 
we may apply Griin's Theorem to see that a Sylow 2-subgroup of G' is equal to 
(N G (T)',Tn R' | Re Syl 2 (G)). Hence r <£ G' and G/G' has even order. Now by 
Lemma 3.12, it is clear that (Ai,A 2 ,s) < Q' and so we see that G has a proper 
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normal subgroup Go such that Ng {Z) ~ 3 1+4 : 4 Alt(5). Wc must check that 
Z is conjugate to Z x in Go however this is clear as Z and Z x are conjugate in 
(Q,Q X )^G . □ 

In light of Lemma 4.15, we may simplify our working significantly by assuming 
from now on that we are in Case I only and so by Lemma 4.13, KjQ\ 2 = Alt(5) 1 2. 

Lemma 4.16. K is strongly 3-embedded in H. 

Proof. Let h £ H and y £ K n K h be an clement of order three. By Lemma 
4.10, the centralizer in H of every element of order three in K is contained in K. 
Thus C H (y) «S K n K h . Therefore K n K h contains a Sylow 3-subgroup of H. So 
assume P sC K nK h . Then Q 12 = 2 (K) = Y\ peP# 2 (C H (p)) = 2 (K h ) = Q 12 h . 
Therefore h £ N G (Q 12 ) = K and so K = K h . □ 

Recall we fixed an involution n £ Ch{o>i) in Notation 4.4. 

Lemma 4.17. r x is not in 2 (H). In particular, H ^ 2 (H) and 2 (H) n K — 
2 1 f +8 .(Alt(5) x Alt (5)). 

Proof. Given the cycle type of the images of r x and t in Alt(9) = 3 (Cg{cii)) and 
by Lemma 4.3, we see that r^ is not conjugate to t in G however the product r\t is 
conjugate to t in 3 (CG(ai j) and therefore r\ is not conjugate to nt in G. 

Observe that n inverts a 2 therefore n ^ Qi2- Since ri centralizes ai whilst 
inverting a 2 , we have that n permutes (zi) and (z 2 ) and therefore permutes (Ai, Si) 
and (A 2 ,S 2 ) and so n ^ 2 (K). Let T G Syl 2 (AT) such that n e T and suppose 
that for some h £ H , r\ £ 2 (K) n T. Suppose that r^ 1 G Qi 2 . Then (r^,i) < Q 12 
but is not central in Q\ 2 as Q12 is extraspecial. Therefore r\ is conjugate to 
r\t = (rit) h in Q i2 and so n is conjugate to nt which is a contradiction. So 
r i £ Qi2- So consider Q i2 ^ Qi 2 r^. By Lemma 4.11, either r\ £ 2B or has order 
four. However n is an involution and is not conjugate to t in G and so we have a 
contradiction. 

Thus no ii-conjugate of n lies in T n 2 (K) which is a maximal subgroup of 
T £ Syl 2 (H). By Thompson Transfer, n <£ 2 (H) and so H ^ 2 (H). Since 
[X : 2 (X)] = 2, we must have 2 {K) = 2 (H)nK~ 2 1 f +8 .(Alt(5) x Alt(5)). □ 

Lemma 4.18. Let f £ Qi 2 \(t). Then either f has order four or one of the 
following occurs. 

(i) f £ 2B, C H (f) «S K has order 2 13 3 and J is 2-central in ~K. 
(ii) f £ 2A, \C K {f)\ = 2 n 35 and C K (f)Q 12 /Q 12 S Alt(5) x 2 or Sym(5). 

In particular, K acts irreducibly on Q 12 , Cn{f) H 3^1 ^ 1 and if f £ Z(T) then 
/ G 2S and Cu(f) 

Proof. Lemma 4.13 tells us that every involution in Qi 2 \{t} lies in one of two K- 
conjugacy classes. Meanwhile, using Lemma 4.12 we see that if such an involution 
/ G 2B then Cn{f) ^ K and lies in a i^-orbit of length 150 which means that 
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|Cjj(/)| = 2 13 3 and so / is 2-central in K. If / G 2A then / commutes with a 
diagonal subgroup of K/Q12 isomorphic to Alt (5) and lies in a if -orbit of length 
120. It follows from the structure of the maximal subgroups of Alt (5) I 2 that 
C K/Ql2 (f)^2x Alt (5) or Sym(5). 

We now suppose that / G Q12 has order four. In Lemma 4.13 we saw that an 
element of order four in Q12 also commutes with a diagonal subgroup of K/Q12 
isomorphic to Alt(5) and so lies in a if-orbit of length 120 or 240. Suppose there is 
more than on if-orbit of elements of order four. Any if-orbit has length a multiple 
of 30 (because Q12 is non-abelian and because there exist elements of order three 
and five which act fixcd-point-frcely on Qi2). However no orbit can have length 
30 or 60 because K/Q12 has no subgroups of order 2 5 35 or 2 4 35. Since Q12 has 
240 involutions we have either one orbit of length 240 or two of length 120. In 
particular, no element of order four is 2-central in K. 

Now if / is any element in Q12 then 1^/6 Q12 commutes with an element of 
order three in K. Since each Zi acts fixed-point-freely on Q12, we have that / is 
centralized by a conjugate of <3i2di- Therefore / commutes with a conjugate of a,. 
Furthermore we observe that if / has order four or / G 2A then / is not 2-central 
in K whereas if / G 2B then / is 2-central in K. Finally, suppose that W < Q12 
with t G W < K. Then W must be a union of if-orbits. However the if-orbits on 
Q\2 have lengths in {1, 150, 120, 240} and no union of orbits is a power of 2 greater 
than 2 and less than 2 9 . Thus K acts irreducibly on Q12. □ 

Lemma 4.19. Let h G H. If (Q12 H Qi2 h )\(t) contains an involution in 2B then 
Q12 = Qi2 h ■ 

Proof. We may suppose that for some 1 ^ / e Z(T), / G Q12 fl Qi2 H ■ By Lemma 
4.18, / G 2B and C H {f) ^ K and also C H (f) < K h . However this implies that 
3 I \K n K h \ and so K = K h and Q 12 = Q 12 h by Lemma 4.16. □ 

Lemma 4.20. Let T G Syl 2 (-ftT). Then Q12 is strongly closed in T with respect to 
H. 

Proof. Let 1^/6 such that / G T h \Q\ 2 for some h G H. Since / G Q12 < 
2 {K) < 2 (H), we must have that / G 2 {K h ) = 2 (H) r\K h . By Lemma 
4.11 (Hi) applied to K h , either / is an element of order four squaring to t and 

commuting with a conjugate of Z or / G 2B and C~— d(/) = [Q12 ,/] has order 

2 4 . 

Suppose first that / has order four. Then f 2 — t and Q\2 h f is an involution in 
2 (K/Qi 2 ) h . By Lemma 4.11 (Hi), Cc(f) contains a conjugate of Z and then by 
Lemma 3.16, a Sylow 3-subgroup of Ca(f) is conjugate to Z. However, by Lemma 
4.18, since / G Q12, Cn(f) H 3.4 ^ 1 which is a contradiction. 

So wc suppose instead that / is an involution. Then Q\ 2 f is a diagonal involution 
with / G 2B and it follows from Lemma 4.13 (Hi) that / commutes with an element 
of order four in Q\ 2 - Now, by Lemma 4.18, Cn(f) ^ K. The element of order 
four in Q\ 2 commuting with H is necessarily in Qi 2 else we have a contradiction 
as before. Let D,V < K h such that D := Cj^(f) and V := C^f). Then we 
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have seen that V H Q12 > (t). By Lemma 2.16, since V = [Q12, /], |C-^h(/) = 
l^l|CW/7vr(/)l = 2 °- Tllus Qi2 D is a S y low 2-subgroup ofK h . 

Since 1 / Ffl < D, we get that F n n Z(Z>) 7^ 1. However, F n 
Z(D) ^ Z(Qi 2 D) the preimage of which contains only involutions in 2B. Therefore 
V n Q12 ^ Q12 ("I Q12 contains involutions in 2Z? distinct from i. This contradicts 
Lemma 4.19. Thus Q 12 is strongly closed in T with respect to H. □ 

Lemma 4.21. K = H. 

Proof. Assume for a contradiction that K < H then Q12 ^ if. Consider 3 '(H). 
By Lemma 4.18, the only proper non-trivial subgroup of Qi 2 which is normalized 
by K is (t). So we have that 3 >(H) n A" < 3 <(#) n Q12 = (i). Since 3 /(.ff) is 
normalized by P, by coprime action, 3 < (H) is generated by elements commuting 
with elements of P#. However by Lemma 4.10, for every p G P&, Ch{p) ^ K. 
Therefore 3 ,(H) < K and so 3 /(ff) = (t). 

Set M := (Qi2 H ) < H then M < 2 (H). Moreover 3 ,{M) < 3 '(i?) and so 
3 /(M) = (t). Therefore we have PCi M ^ 1. Now M f~1 if is a normal subgroup of 
K and contained in 2 {H) nK = 2 {K). Hence M n K = 2 {K). 

Set TV := 2 '(M). If TV is 3' then N 3 >(H) = (t) and so N = 1. Otherwise 
FfliV ^ 1 and then [P n JV, Q12] ^ N n Q12 = 1 which is a contradiction as 
C G (Qi2) ^ Qi2- Therefore 2 ,(M) = 1. Now, since P ^ M < H, H = MN H (P) 
by a Frattini argument and so M = (Qf 2 ) = {Q^ 2 h[P)M ) = (Qff) since A ff (P) s$ 

A = Nq(Q\2)- Finally, we may apply Theorem 2.3 to M = (Q12 )• As required, 
we have that for T e Syl 2 (7V), Q12 is strongly closed in T with respect to H. 
Hence Q12 is strongly closed in M (~1 T with respect to M. We have also that 
2 '(M) = 1. Thus = 2 (I)!](TnI). Since Q 12 is not a Sylow 2-subgroup 
of M sC 2 (iP) we may find e e (M D T)\Q 12 . Then by Lemma 4.11 (m), Qi 2 e 
contains either involutions or elements of order four squaring to t. In either case 
Q^efl fl(T n M) 7^ 1 and so Q12 ^ S](ffll). This contradiction proves that 
H = K. □ 

5. The Structure of the Centralizer of u 

We continue to assume that we are in Case I only. We now know the structure of 
the centralizer of an involution in G-conjugacy class 2B and so we must determine 
the structure of the centralizer of an involution in 2A. We continue notation from 
Section 4. Recall that in Notation 4.4 we fixed an involution u 6 Q 2 ^ Ca{a2) 
and we defined 2A to be the conjugacy class of involutions in G containing u. By 
Lemma 4.3, 2A 7^ 2B. Let L := Cq(u) and L = L/{u) and we continue to set 
H = C G (t) and H = H/(t). We will show that L ~ (2'HS) : 2 and so we must 
identify that L has an index two subgroup isomorphic to the sporadic simple group 
HS. We first show that L has a subgroup 2 x Sym(8) and later that the centre of 
this subgroup does not live in 2 (L). We will use the information we have about 
Cg(*) = H and Nq{E) to see the structure of some 2- local subgroups of L. Once 
we have used extremal transfer to find the index two subgroup of L we are then 
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able to use this 2-local information to apply a theorem due to Aschbacher [2] to 
recognize HS. The Aschbacher result requires us to find 2-local subgroups of shape 
(4 * 2^ +4 ).Sym(5) and (4 3 ).GL 3 (2) 

Recall using Notation 4.4 that u 6 F ^ Q 2 ^ C G (a 2 ) and that oi normalizes F. 

Lemma 5.1. C G (F) ~2x2x Alt(8) with C G (F) > C G {u)nC G ( ai ) = Alt(8) and 
C^(F) ~ 2 x Sym(8). Moreover if F is any fours subgroup of C G {a 2 ) such that 
F* C 2 A then C G {F ) = C G {F). 

Proof. Set M := C G (F). First observe that F ^ 3 (C G (a 2 )) Alt(9) and the 
image of F# in Alt(9) consists of involutions of cycle type 2 2 . Notice also that Alt(9) 
has two classes of such fours groups with representatives ((1, 2)(3, 4), (1, 3)(2, 4)) 
and ((1, 2)(3, 4), (3, 4)(5, 6)). These subgroups of Alt(9) have respective centralizers 
isomorphic to 2 2 x Alt(5) and 2 2 x Sym(3) and respective normalizcrs (Alt(4) x 
Alt(5)) : 2 and Sym(4) x Sym(3). 

Given the image of F in 3 (C G (a 2 j), we have that Mf)C G (a 2 ) = 3x2 2 xSym(3). 
Let R € Syl 3 (MnC G (a 2 )) such that (R, ai ) is a Sylow 3-subgroup of N G (F). Then 
a 2 € R and (R, oi) is abelian and i? # C 3.4 since no element of order three in 3B 
commutes with a fours group. Therefore by the earlier argument for each r G R#, 
C G {r) n M = 3 x 2 2 x Alt (5) or 3 x 2 2 x Sym(3). 

Consider Mf\C G (a\) which is isomorphic to a subgroup of Alt (9) = 3 (C G {a\)). 
Notice that F does not commute with 3 (C G (ai)) (for we would then have F 
commuting with an element of 3B and such elements do not commute with a fours 
group) and so M D C G (ai) is a proper subgroup of 3 (C G (ai j). By Lemma 4.8, 
we have that F ^ Q 2 commutes with Qi ^ C G (ai). Also F commutes with 
R ^ C G (ai) and so |M n C G (ai)\ is a multiple of 2 5 3 2 . Moreover M n C G (ai) 
contains the subgroup Q\(a 2 ) ~ 2 1 f +4 .3. 

We check the maximal subgroups of Alt (9) (see [4]) to see that M n C G (a\) 
is isomorphic to either a subgroup of Alt (8) or the diagonal subgroup of index 
two in Sym(5) x Sym(4). The latter possibility leads to a Sylow 2-subgroup of 
order 2 5 with centre of order four which is impossible as 2 1 ( +4 = Q 2 ^ M C\ 
C G {a\). So M fl C G (a\) is isomorphic to a subgroup of Alt(8). Suppose it is 
isomorphic to a proper subgroup of Alt (8). We again check the maximal sub- 
groups of Alt (8) ([4]) to see that M n C G (a\) is isomorphic to a subgroup of 
A Alt(8) (((l,2)(3,4),(l,3)(2,4),(5,6)(7,8),(5,7)(6,8))) ~ 2 4 : (Sym(3) x Sym(3)). 
This subgroup can be seen easily in GL4(2) as the subgroup of matrices of shape 

/ * * \ 

* * 

* * * * 

y * * * * J 

We calculate in this group that an extraspecial subgroup of order 2 5 is not normal- 
ized by an element of order three. Therefore M n C G {a\) is not isomorphic to a 
subgroup of this matrix group. Thus M n C G {a\) = Alt (8). In particular M has a 
subgroup isomorphic to 2 2 x Alt (8). 
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Now we have that for every r 6 R* , C M {r) = 3 x 2 2 x Sym(3) or 3 x 2 2 x Alt (5). 
Now R < C M {ai) = Alt(8) and so R G Syl 3 (C M (ai)). Moreover, Alt (8) has two 
conjugacy classes of elements of order three. So we may set R = {1, a 2 , a 2 , 03, a 2 ., &i, 6 2 , b 2 , ^2} 
where a 2 is conjugate to a 3 in Cm(ch) and 61 is conjugate to b 2 in Cm(oi) such that 
Cc M ( ai )(bi) = 3 x Alt(5) (i e {1,2}) and C GM(oi) (a,) S 3 x Sym(3) (j G {2,3}). 
Now we already have that Cm (03) — Cm {0-2) = 3 x 2 2 x Sym(3) and we have two 
possibilities for the structure of the other 3-centralizer. Therefore we must have 
that Cm(J.) ~3x2x2x Alt(5). Now by coprime action C M / F (Fbi) = C'M(h)/F 
and C M / F (Fdi) = CM{ai)/F. Hence we may apply Corollary 2.9 to M/F to say 
that M/F = Alt (8). Therefore M = 2 2 x Alt (8). 

Consider N L {F). We have seen that N G (F)/M = Sym(3) and so [N L (F) : M] = 
2. It follows that N L (F)/F = 2 x Alt (8) or Sym(8). For 61 € R, C M (h) ~3x2 2 x 
Alt(5) and so C NL{F) (h) - 3 x (2 2 x Alt (5)) : 2 and C NL{F) (h)/F - 3 x Sym(5) 
which is not a subgroup of Alt(8) x 2. Thus we must have that N L (F)/F = Sym(8) 
and so C Z (F) ^ 2 x Sym(8). 

Now let F a < C G (a 2 ) have image ((1, 2)(3, 4), (1, 3)(2, 4)) in Alt(9) = 3 (C G (a 2 )). 
Then C G {a 2 ) C\ C G {F ) = 2, x 2 2 x Alt (5). Now recall that R G Syl 3 (M) and 
M = C G (F) = 2 2 x Alt(8) and so there exists r e R* such that M n C G (r) = 
3 x 2 2 x Alt (5). Since every element in i? # is conjugate in G, we have that F is 
conjugate to F in G. Thus C G (F ) ^ C G {F). □ 

Recall from Notation 4.4 that r 2 is an involution in 3 (C G (a 2 j) which is conju- 
gate to u and r 2 u. In light of Lemma 5.1, the following result is a calculation in a 
group isomorphic to 2 x 2 x Alt(8). 

Lemma 5.2. 2 (C Wil^)) ^ as order 2 6 . 

Proof. It is clear from Notation 4.4 that (r 2 ,u) # C 2A. Set F : = ( r 2,u) then 
by Lemma 5.1, C G (F ) = 2 x 2 x Alt(8). Notice also from Notation 4.4 that 
t G C g (Fq) n C G (a 2 ) = 3 x 2 2 x Alt (5) which has an abelian subgroup containing t 
isomorphic to 3 x 2 4 . Consider (F , t) nG G (F )' (of course C G (F )' ^ Alt(8)) which 
has order two. If (F Q ,t}r)C G (Fo)' is 2-central in C G (F )' then a 2 G C G (F )'nG G (t) 
is isomorphic to the subgroup of Aft(8) of shape 2+ +4 .Sym(3). However this implies 
that C G ((F a ,t))nC G (a 2 ) = 2 x 2 x 2 x 3 which is not the case. Thus (F , t)f\C G {F )' 
is not 2-central in C G (F )' and so C G (F )' n C G (t) is isomorphic to a subgroup of 
Alt(8) of shape (2 2 x Alt (4)) : 2. Thus C H nL(r 2 ) - 2 2 x (2 2 x Alt (4)) : 2 and so 
the order of the 2-radical is clear. □ 

Lemma 5.3. H fl L contains a Sylow 2-subgroup of L which has order 2 11 and 
centre (t,u). 

Proof. Let S u be a Sylow 2-subgroup of Cj,(f). We have that u G Q 2 < Q12 and 
since u G 2A, we may apply Lemma 4.18 to see that \Ch(u)\ = 2 11 .3.5. Therefore 
\S U \ = 2 11 . Now, u G Q 2 and [Qi,Q 2 ] = 1 (by Lemma 4.8) so we have that 
Qi < Co 2 ( H )(u) s$ 5„. Moreover, Z(S U ) < G 5u (Qi) < Q 2 . Therefore Z(S U ) sC 
Z(Cq 2 (u)) = (i, u) since Q 2 is extraspecial of order 2 5 . Hence Z(5 U ) = (t, u). 
Since (i, u) ^ Q\ 2 and Q12 is extraspecial, u is conjugate to ui in Q i2 . Therefore 
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N G {(t,u)) C G (t). So let S u < T u e Sy\ 2 (HnL) then N Tu (S u ) ^ N L ((t,u)) < 
H n L. Thus S'm is a Sylow 2-subgroup of L. □ 

Lemma 5.4. (if n L)/(Q 12 n L) = Sym(5). 

Proo/. Using Lemma 4.18 we have that C h {u)/Cq 12 (u) = Alt (5) x 2 or Sym(5). 
We suppose for a contradiction that (H n L)/(Q 12 fl L) = Ch(u)/Cq 12 (u) = 
C H (u)Q 12 /Q 12 ^ 2 x Alt (5). Now set V := C Ql2 (u) then \V\ = 2 8 and V is 
normalized by C H {u)/V = 2x Alt (5). 

Recall from Notation 4.4 that r 2 is an involution in 3 (C G (a 2 )) and from Lemma 
4.5 that r 2 G Cff(a 2 )\Q 2 - Since [r 2 ,a 2 ] = 1, [W 2 , Va 2 ] = 1 and therefore Vr 2 G 
Z(C ff In particular, C v (r 2 ) is preserved by 2 (C H (u)/V) = Alt (5). Since 

Va 2 acts non-trivially on V, 2 (Cfl-(w)/V) acts non-trivially. This is to say that 
there exists a non-central 2 (Ch (w)/V)-chief factor of V. Moreover, this chief 
factor has order 2 4 . 

Now Lemma 5.2 gives us that \0 2 (C 'HciL{r 2 ))\ = 2 6 . Clearly Cy(r 2 ) is a normal 
2-subgroup of Crhl^) as is (r 2 ) ^ V. Therefore |Cy(r 2 )| ^ 2 5 and so |Cy(r 2 )| = 
2 4 or 2 5 . Suppose first that |Cy(r 2 )| = 2 4 then u G Cy(r 2 ) is normalized by 
2 (Ch (u)/V) and so Cy(r 2 ) is necessarily a sum of trivial 2 (Ch (u)/V)-modules. 
Moreover V/Cy(r 2 ) has dimension three and is therefore also a sum of trivial 
O 2 (Ch(u)/ V)-modules. This is a contradiction. 

So suppose instead that \Cy{r 2 )\ = 2 5 . Then |[V,r 2 ]| = 2 2 . Furthermore [V, r 2 ] 
is preserved by 2 (Ch(u)/V). Thus [V, r 2 ] is a sum of two trivial 2 ((7f/(u)/V)- 
modules. Since [V, r 2 ] < Cy(r 2 ) } it follows that Cy(r 2 ) is also a sum of trivial 
2 {C H (u)/V)-modulcs as is V/C-y(r 2 ). Again this gives us a contradiction. Hence 
we may conclude that Ch{u)/Cq 12 (u) = Ch(u)Q\ 2 /Qi 2 = Sym(5). □ 

Lemma 5.5. There exists an element of order four d G Cq 2 (u) such that d 2 = t 
and 4 x 2 ~ (d,u) < Hi. 

Proof. This is clear once we recall Lemma 4.13 (Hi) which tells us that diagonal 
subgroups of H/Qi 2 isomorphic to Aft(5) which centralize an involution in Qi 2 , 
in fact centralize a subgroup of Q\ 2 isomorphic to C4 x C 2 . We have that (H n 
L)Qi2/Qi2 — (H fl L)/(Qi 2 n L) = Sym(5) contains such a subgroup. Finally we 
must check that the element of order four in in Q 2 however this is clear as a 2 G HC\L 
and C Ql2 (a 2 ) = Q 2 . □ 

Lemma 5.6. There exists a complement C = GLa(2) to Cl(E) in Nl(E) such 
that EC ^C G (F). 

Proof. Recall that u G F ^ Q 2 and by Lemma 5.1, 2 x 2 x Alt (8) = C G (F) > 
C G (u) fl C G (fli) = Alt (8). Notice that E < Qi < C7 G (F) since [Qi,Q 2 ] = 1. 
Notice also that t G C G {u) fl (7G(ai). From notation 4.4, the image of t in 
Alt(9) = 3 (C G (ai)) is (1, 2)(3, 4)(5, 6)(7, 8) and so clearly t lies in exactly one 
subgroup of 3 (C G (ai)) isomorphic to Alt(8). By Lemma 4.5, 3 (C G (ai)) con- 
tains a complement, C say, to C G (E) in N G (E). Moreover the image of EC 
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in 3 (C G (ai)) lies in a subgroup isomorphic to Alt(8) containing t. Therefore 
EC C G (u)nC G (ai) <C G (F). □ 

Lemma 5.7. We have that L = F0 2 (L) with [L : 2 (L)} = 2, N^^{E) = 4 3 : 
GL 3 (2)) and C^^{t) ~ 2^+ 4 * 4.Sym(5). 

Proof. By Lemma 4.5 (v), a Sylow 3-subgroup of C G (F)/F is self-centralizing in 
G and therefore 3 { |C G (u) n C G (F)|. Hence C L (F) is a 2-group. Notice that 
\Cl{E)\ ^ 2 8 as, by Lemma 5.6, a complement to C G (F) in Ng(E) isomorphic 
to GL 3 (2) is in L and by Lemma 5.3, \L\ 2 = 2 11 . By Lemma 5.5, there exists an 
element of order four d G Cq 2 (u) such that d 2 = t G E and (d,u) < Hr\L which im- 
plies that 4 = (d) < hKl. Moreover, d G Q 2 < C G (F) and so (d) < N L {E) n F. 
So consider {d NL ^) sC C L (F). Since d 2 = i G F and N L (E) is transitive on 
we clearly have at least seven conjugates of (d) in Nl{E). Moreover since 
(d) <\ Cl(F), the A?i,(F)-conjugates of (d) in Cl(F) pairwise commute and gener- 
ate a 2-group of order at most 2 7 . Thus N L (E) > {d Nh ^) ~ 4 x 4 x 4. Let A be 
the preimage in L containing u. Now by Lemma 5.6 there exists a complement, C, 
to C L (E) in N L (E). Moreover, C acts non-trivially on A and so AC ~ 4 3 : GL 3 (2). 
Recall that u G F ^ Q 2 and by Lemma 5.6, F ^ Cl(F). Therefore F normalizes 
AC. Furthermore, by Lemma 5.1, Cj(F) = 2 x Sym(8). In particular, F ^ A and 
[1,F] ^ 1. By Lemma 5.6, [C, F] = 1. Thus ACF - 4 3 : (2 x GL 3 (2)). Since 
Cl(F) is a 2-group, we must have that ACF = N^{E). We now apply Lemma 2.14 
to Z to say that 2 (Z) ^ L and clearly [Z : 2 (Z)] = 2. Notice that u G 2 (F) 
because u in Alt (9) = 3 (C G (a 2 )) and recalling Notation 4.4, u i-> (1,2)(3,4), we 
see that an element of order four with image (1, 3, 2, 4)(5, 6) squares to u. Thus 

[L : 2 (L)] = 2. Let i = 2 (L). It follows that A^(F) ~ 4 3 : GL 3 (2)). 

Since F < Qi 2 fl 1/ and F ^ L 0) Q12 n L Q < Qi 2 n F Since [Qi, a 2 ] = Qi, and 
so Qi ^ L' ^ L . Also (d, «) = 4 x 2 is normal in Lflff and clearly d E L a . Thus 
(2^+ 4 * 4) x 2 - Qi<d,«> = Q12 n Lo. Now (F n L Q )/(Q 12 n 2 (L)) S Sym(5) 
follows from an isomorphism theorem since 

Qi 2 nL (f n l ) n (Qi 2 n L) " Qi 2 n L Qi 2 nL ym[ 

Thus C Lo (t) has 2-radical, Q 12 n L = 2 1 ( +4 * 4 x 2 with quotient Sym(5). □ 
Lemma 5.8. L = 2 HS : 2. 

Proof. We must prove that 2 (L) satisfies the hypotheses of Theorem 2.1 to recog- 
nize the sporadic simple group HS. Now we have that t is an involution in Lq and 
since ut is not conjugate to t, we have that Cj^(t) — (C G (t) fl Lo) ~ 2 + + *4.Sym(5). 

Suppose that g G 2 {L) and x normalizes E. Then 5 normalizes E(u). Since 
Nl(E) is transitive on F # and we have seen that tu G 2 A, we have that {ew|e G 
E#] C 2A Therefore F(u) n2£ = F#. Hence 5 normalizes F. Thus N~{E) = 

N^(E) ~4 3 :GL 3 (2)). 



A 3-LOCAL CHARACTERIZATION OF THE HARADA-NORTON SPORADIC SIMPLE GROU3T 

We therefore apply Theorem 2.1 to 2 (L) to see that 2 (L) = HS and so 
2 (L) = 2HS or 2 x HS. We have seen that L does not split over (u) and we have 
also seen that L = F0 2 (L). Thus we must have that L = 2' Aut(HS) = 2 HS : 
2. □ 

Lemma 5.9. In Case I, G = HN. 

Proof. We have that G is a finite group with two involutions u and t and L = 
C G (u) ~ (2'HS) : 2. Also C G {t) ~ 2 1 | +8 .(Alt(5) \ 2) and 2 {H) = Q 12 and by 
Lemma 4.8, C G {Q 12 ) < Qi 2 . Thus, by Theorem 2.2, G = HN. □ 

Now we recall Case II and Lemma 4.15 to see that in Case II, G has proper 
subgroup Go of even index and we have proved that Go = HN. By a Frattini 
argument, G = GuNq(S) (S E Syl 3 (G)) and so it follows using Lemma 4.8 that 
[G : Go] =2. We check finally that G^2x HN however we can use, for example, 
that C G (J) sC J (Lemma 3.18). Thus, in Case II, G ^ Aut(HN). 
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